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�
J
	
JÓ XY« ø



ñm�

�
' �

I
	
KA¿ @

	
X @



�
éJ
î

�
D
	
JÓ

�
é«ñÒm.

× E
�	
à



@ Èñ

�
®

	
K :

�
éJ
î

�
D
	
JÖÏ @

�
é«ñÒj. ÖÏ @ •

.card(E) �K. E
�
é«ñÒj. ÖÏ @ Qå�A

	
J«

.
�
éÓðYªÓ Q�


	
ªË @

�
éJ
ªJ
J.¢Ë@ X@Y«



B@

�
é«ñÒm.

× ù


ë N∗ �

é«ñÒj. ÖÏ @ •

.
�
éÓðYªÓ Q�


	
ªË @

�
éjJ
j�Ë@ X@Y«



B@

�
é«ñÒm.

× ù


ë Z∗ �

é«ñÒj. ÖÏ @ •

•− �
HA«ñÒj. ÖÏ @ úÎ«

�
HAJ
ÊÔ

« 2.1.1

∀x ∈ A⇒ x ∈ B : øQ
	

k


@

�
é
�
®K
Q¢�. , B 	áÓ Qå�

	
J« ñë A 	áÓ Qå�

	
J« É¿ @

	
X @


A ⊂ B : Z @ñ

�
JkB



@ •

1
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m .Ì '@

� éª
Ó
Ag
.
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.
Xð

@X
. X

�
HA

�
®J
J.¢

��
JË @ ð

�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

,
�
éJ
Ê¾Ë@

�
é«ñÒj. ÖÏ @ E 	áº

�
JË :

�
éJ




K 	Qm.

Ì'@
�
é«ñÒj. ÖÏ @ •

.E
�
é«ñÒj. ÖÏ @ ú




	
¯

�
è @ñ

�
Jm× A

�
é«ñÒj. ÖÏ @

�
I

	
KA¿ @

	
X @


E 	áÓ

�
éJ




K 	Qk.

�
é«ñÒm.

× A
�
é«ñÒj. ÖÏ @

�	
à



@ Èñ

�
®

	
K

: I.
�
Jº

	
K ð B ⊂ A ð A ⊂ B :

	
àA¿ @

	
X @



¡
�
®

	
¯ð @

	
X @



	
àA

�
JK
ðA�

�
�Ó B ð A

�	
à



@ Èñ

�
®

	
K :

	á�

�
J«ñÒm.

× ø



ðA�
�
� •

.A = B ⇔ A ⊂ B ð B ⊂ A : Q
	

k
�
@ ú

	
æªÖß. , A = B

AêË 	QÓQ
	
K ð AªÓ B ð A úÍ@



ù


Ò

�
J
	
�
�
K ú




�
æË @ Qå�A

	
JªË @

�
é«ñÒm.

× B ð A 	á�

�
J«ñÒm.

× ©£A
�
®
�
K ù



Ò

�
�

	
� : ©£A

�
®
�
JË @ •

A ∩B = {x | x ∈ A ð x ∈ B} : Q
	

k
�
@ ú

	
æªÖß. , A ∩B �K.

	QÓQ
	
K ð B úÍ@



ð



@ A úÍ@



A
�
Ó@



ù


Ò
�
J
	
�
�
K ú




�
æË @ Qå�A

	
JªË @

�
é«ñÒm.

× B ð A 	á�

�
J«ñÒm.

× XAm�
�
' @



ù


Ò

�
�

	
� : XAm�

�
'B



@ •

A ∪B = {x | x ∈ A ð


@ x ∈ B} : Q

	
k

�
@ ú

	
æªÖß. , A ∪B �K. AêË

.1
�
é�K
Q

	
¢

	
�

:
�	
àA




	
¯

	á�

�
JJ
î

�
D
	
JÓ

	á�

�
J�




K 	Qk.

	á�

�
J«ñÒm.

× B ð A 	
àA¿ @

	
X @



card(A ∪B) = card(A) + card(B)− card(A ∩B)

card(A ∪B) = card(A) + card(B) :
�	
àA




	
¯ A ∩B = ∅ 	

àA¿ @
	
X @



: ú


ÎK
 AÒ» E

�
é«ñÒj. ÖÏ @ ú




	
¯ A

�
é«ñÒm.

× Õ
�
Ô
�
JÓ

	
¬�Qª

	
K , E 	áÓ

�
éJ




K 	Qk.

�
é«ñÒm.

× A 	áºJ
Ë :
�
é«ñÒm.

× Õ
�
Ô
�
JÓ •

{AE = {x ∈ E | x /∈ A}

. Ā �K. {
A
E �Ë 	QÓQ

	
K ú



ÎK
AÓ É¿ ú




	
¯

�
éK. A

�
JºË@ ÉJ
îD�

�
JË . Ā ð



@ Ac �K. {

A
E �Ë 	QÓQ

	
K

	
à



@ 	áºÖß
 :

�
é�

	
¢kCÓ

ð B úÍ@



ù


Ò
�
J
	
�
�
K B ð A úÍ@



ù


Ò
�
J
	
�
�
K ú




�
æË @ Qå�A

	
JªË @

�
é«ñÒm.

× B ð A 	á�

�
J«ñÒm.

× �
�Q

	
¯ ù



Ò

�
�

	
� :

�
�Q

	
®Ë @ •

A−B = {x, x ∈ Að x /∈ B} : Q
	

k
�
@ ú

	
æªÖß. , A−B �K. AêË 	QÓQ

	
K

A\B �K. A−B �Ë 	QÓQ
	
K

	
à



@ 	áºÖß
 :

�
é

	
¢kCÓ

�
è@ñ

�
Jm×

�
é«ñÒm.

× É¿ 	áÓ
	
àñº

�
J
�
K ú




�
æË @

�
é«ñÒj. ÖÏ @ E

�
é«ñÒm.

× Z @ 	Qk.



@

�
é«ñÒm.

× ù


Ò

�
�

	
� :

�
é«ñÒm.

× Z @ 	Qk.



@

�
é«ñÒm.

× •

P (E) = {A | A ⊂ E} �
IJ
k P (E) �K. AêË 	QÓQ

	
K ð E

�
é«ñÒj. ÖÏ @ ú




	
¯

. card(E) = 3 :
	
à

	
X@


E = {1, 2, 3} : ÈA

�
JÓ

card(P (E)) = 8 = 23. :
	
à

	
X@


P (E) = {∅, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

. card(P (E)) = 2n
�	
àA




	
¯ card(E) = n 	

àA¿ @
	
X @



:
�
é
�
ÓA«

�
é

	
®��.

E 	áÓ
�
éJ




K 	Qk.

�
HA«ñÒm.

× C ð B ð A 	áºJ
Ë •− �
HA«ñÒj. ÖÏ @ �@ñ

	
k 3.1.1

A ∩B = B ∩ A •

A ∩ (B ∩ C) = (A ∩B) ∩ C •

A ⊂ B ⇔ A ∩B = A , A ∩ A = A , A ∩ ∅ = ∅ •

2



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

�
HA

�
®J
J.¢

��
JË @ ð

�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

A ∪B = B ∪ A •

A ∪ (B ∪ C) = (A ∪B) ∪ C •

A ⊂ B ⇔ A ∪B = B , A ∪ A = A , A ∪ ∅ = A •

A ⊂ B ⇔ B̄ ⊂ Ā ,
¯̄A = A •

A ∩B = Ā ∪ B̄ •

A ∪B = Ā ∩ B̄ •

: ÈA
�
JÓ

ð A = {1, 2, 4} ð E = {1, 2, 3, 4, 5, 6} �
IJ
k E 	áÓ

	á�

�
J�




K 	Qk.

	á�

�
J«ñÒm.

× B ð A 	áº
�
JË

: A
	
JK
YË . B = {1, 2, 3, 5}

A ∩B = {1, 2} ◦

A ∪B = {1, 2, 3, 4, 5} ◦

A−B = {4} ◦

Ā = {3, 5, 6} ◦

	á�

�
J«ñÒj. ÖÏ ú




�
GPA¾K
YË@ Z @Ym.

Ì'@ , E 	áÓ
	á�


�
J�




K 	Qk.

	á�

�
J«ñÒm.

× B ð A 	áº
�
JË •− ú




�
GPA¾K
YË@ Z @Ym.

Ì'@ 4.1.1
: �K.

�
é
	
¯�QªÖÏ @

�
é«ñÒj. ÖÏ @ A×B �K. AêË 	QÓQ

	
K ú




�
æË @ ð B ð A

A×B = {(x, y) : x ∈ A ð y ∈ B}

.
�
éJ


	
K A

�
JË @

�
éJ.»QÖÏ @ y ð úÍð



B@

�
éJ.»QÖÏ @ x ,

�
éJ




KA

	
J
�
K ùÒ�

�
� (x, y) �

IJ
k

:
	
Y



KY

	
J«

	á�

�
JJ
î

�
D
	
JÓ

	á�

�
J«ñÒm.

× B ð A �
I

	
KA¿ @

	
X @



:
�
é

	
¢kCÓ

card(A×B) = card(A)× card(B)

: ú



�
GPA¾K
YË@ Z @Ym.

Ì'@
�	
àA




	
¯ A = {0, 1, 2}, B = {1, 3} : A

	
JK
YË : .1 ÈA

�
JÓ

A×B = {(0, 1), (0, 2), (1, 1), (1, 3), (2, 1), (2, 3)}

: .2 ÈA
�
JÓ

R2 = R× R = {(x, y) : x, y ∈ R}

[0, 1]× R = {(x, y) : x ∈ [0, 1] ð y ∈ R}.
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Xð
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�
HA

�
®J
J.¢

��
JË @ ð

�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

�
HA

�
®J
J.¢

��
JË @ 2.1

. F ñm�
	
' E 	áÓ

�
é
�
¯C« f ð

	á�

�
JJ
ËA

	
g Q�


	
«

	á�

�
J«ñÒm.

× F ð E 	áº
�
JË •− �

�J
J.¢
��
JË @

	
­K
Qª

�
K 1.2.1

.F 	áÓ f(x) Yg@ð Qå�
	
J« éË

�
�

	
Q̄K
 E 	áÓ x É¿ Ég.



@ 	áÓ

	
àA¿ @

	
X @



�
�J
J.¢

�
� f

�
é
�
¯CªË@

	
àñº

�
K

. Èñ�ñË@
�
é«ñÒj. Öß. F

�
é«ñÒj. ÖÏ @ ð ZYJ. Ë @

�
é«ñÒj. Öß. E

�
é«ñÒj. ÖÏ @ ù



Ò

�
�

	
� •

.
�
èPñ� f(x) ð

�
é
�
®K. A� x Qå�

	
JªË@ ù



Ò

�
�

	
� •

: ÈA
�
JÓ

f : R −→ R
x 7−→ x2 + 1

.R ñm�
	
' R 	áÓ

�
�J
J.¢

�
� É

�
�
JÖß
 f

•− ÉK. A
�
®
�
JË @ ,QÒ

	
ªË @ , 	áK
AJ.

�
JË @ 2.2.1

: 	áK
AJ.
�
JÖÏ @

�
�J
J.¢

��
JË @

	
­K
Qª

�
K

: ø





@ E 	áÓ Q�

�»


B@ úÎ«

�
é
�
®K. A� éË F 	áÓ Qå�

	
J« É¿ @

	
X @



	áK
AJ.
�
JÓ f : E −→ F

�
�J
J.¢

��
JË @

�	
à



@ Èñ

�
®

	
K

∀x1, x2 ∈ E : f(x1) = f(x2) =⇒ x1 = x2

: øQ
	

k


@

�
é

	
ªJ
��.

∀x1, x2 ∈ E : x1 6= x2 =⇒ f(x1) 6= f(x2)

:
�
éÊ

�
JÓ



@

	áK
AJ.
�
JÓ

�
�J
J.¢

�
� f : R −→ R

x 7−→ x+ 3

	áK
AJ.
�
JÓ Q�


	
«

�
�J
J.¢

�
� f : R −→ R

x 7−→ |x|

:QÓA
	
ªË @

�
�J
J.¢

��
JË @

	
­K
Qª

�
K

: ø





@ , E ú




	
¯ É

�
¯



B@ úÎ«

�
é
�
®K. A� éË F 	áÓ Qå�

	
J« É¿

	
àA¿ @

	
X @



QÓA
	
« f : E −→ F

�
�J
J.¢

��
JË @

�	
à



@ Èñ

�
®

	
K

∀y ∈ F ∃x ∈ E : f(x) = y

:
�
éÊ

�
JÓ



@

,QÓA
	
«

�
�J
J.¢

�
� f : R −→ R

x 7−→ x+ 3

,
�
é
�
®K. A� éË ��
Ë C

�
JÓ −1 Qå�

	
JªË@

�	
à



B QÓA

	
« Q�


	
«

�
�J
J.¢

�
� g : R −→ R

x 7−→ x2

�	áºË

.QÓA
	
«

�
�J
J.¢

�
� h : R −→ R+

x 7−→ x2
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�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

. QÓA
	
« ð 	áK
AJ.

�
JÓ

�
�J
J.¢

�
� f 	

àA¿ @
	
X @

 ú



ÎK. A

�
®
�
K f

�	
à



@ Èñ

�
®

	
K : ú



ÎK. A

�
®

�
JË @

�
�J
J.¢

��
JË @

	
­K
Qª

�
K

:
	á�


�
®J
J.¢

�
� I. J
»Q

�
K

g : F −→ G ð f : E −→ F 	áºJ
Ë

: �K. g ◦ f
	

¬�Qª
	
K

g ◦ f : E −→ G
x 7−→ g ◦ f(x) = g(f(x))

: ÈA
�
JÓ

f : R → R
x 7→ 2x+ 3

g : R → R
x 7→ x2

g ◦ f : R → R
x 7→ (2x+ 3)2

f ◦ g : R → R
x 7→ 2x2 + 3

gof 6= fog :
�	
à



@

	
¡k C

	
K

: �K. x �Ë
�
é
�
®Ê¢ÖÏ @

�
éÒJ


�
®Ë @

	
¬Q

�
ª

	
K , x ù




�
®J


�
®k X Y« É¿ Ég.



@ 	áÓ •− �

é
�
®Ê¢ÖÏ @

�
éÒJ


�
®Ë @ 3.2.1

|x| =
{
x x ≥ 0
−x x < 0

(1.1)

x 7→ |x| ©K. A
�
JË @

	
àAJ
K. l�

�	
�ñK
 ú



Í@ñÖÏ @ (1.1) É¾

�
�Ë@

x

yy

0

1

2

1 2−1−2

|x|

|x| ©K. A
�
JÊË ú




	
G AJ
J. Ë @ ÉJ


�
JÒ

�
JË @ : (1.1) É¾

�
�Ë@

: �@ñ
	

k

|x| ≥ 0 •

| − x| = |x| •

|0| = 0 •

|x| > 0 (x 6= 0) •

|x.y| = |x|.|y| •

|x| ≤ a⇔ −a ≤ x ≤ a⇔ x ∈ [−a, a], a ∈ R •

|x∓ y| ≤ |x|+ |y| •
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�
HA

�
®J
J.¢

��
JË @ ð

�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

•− AJ

	
KYË@ X@ñmÌ'@ ð AJ
ÊªË@ X@ñmÌ'@ ,

�
HBAj. ÖÏ @ 4.2.1

:
�
éJ
�A

	
mÌ'@

�
�

��
®m�

�
' ú




�
æË @ R 	áÓ I

�
éJ




K 	Qm.

Ì'@
�
é«ñÒj. ÖÏ @ R ú




	
¯ BAm.

× ù



�
Ò�

	
� : .1

	
­K
Qª

�
K

∀a, b ∈ I, ∀x ∈ R, a ≤ x ≤ b⇒ x ∈ I

: ¨ñ
�	
JË @ 	áÓ R 	áÓ

�
éJ




K 	Qm.

Ì'@
�
é«ñÒj. ÖÏ @ Agñ

�
J
	
®Ó BAm.

× ù



�
Ò�

	
� : .2

	
­K
Qª

�
K

.R 	áÓ Qå�A
	
J« a, b �

IJ
k , ]a, b[= {x ∈ R | a < x < b}

: AJ

	
KYË@ X@ñmÌ'@ ð AJ
ÊªË@ X@ñmÌ'@ •

∀x ∈ A, x ≤M @
	
X @



(Majorant) A �Ë úÎ«


@ XAg M

�	
à



@ Èñ

�
®

	
K ◦

∀x ∈ A, m ≤ x @
	
X @



(Minorant) A �Ë ú
	
GX



@ XAg m

�	
à



@ Èñ

�
®

	
K ◦

A ú



	
¯

�
èPðQå

	
�ËAK. A

�
J��
Ë m ð M :

�
é

	
¢kCÓ

: .1 ÈA
�
JÓ

−7 , B =]0,+∞[
�
é«ñÒj. ÒÊË

�
éJ.�

	
�ËAK. A

�
Ó


@ , A �Ë úÎ«



@ XAg ñë 3 , A =]0, 2[

�
é«ñÒj. ÒÊË

�
éJ.�

	
�ËAK.

. B �Ë úÎ«


@ XAg Yg. ñK
 B

�	áºË B �Ë ú
	
GX



@ XAg

: ú
	
GX



B@ YmÌ'@ ð úÎ«



B@ YmÌ'@ •

, a ∈ R 	áºJ
Ë ð , R 	áÓ
�
éJ




K 	Qk.

�
é«ñÒm.

× A 	áº
�
JË

�K. éË 	QÓQ
	
K ð , AJ
ÊªË@ X@ñmÌ'@ Q

	
ª�



@ ñë ð A Ë úÎ«



@ XAg a : @

	
X @


A �Ë úÎ«



@ Yg a

�	
à



@ Èñ

�
®

	
K ◦

.Sup A

�K. éË 	QÓQ
	
K ð , AJ


	
KYË@ X@ñmÌ'@ Q�.»



@ ñë ð A Ë ú

	
GX



@ XAg a : @

	
X @


A �Ë ú

	
GX



@ Yg a

�	
à



@ Èñ

�
®

	
K ◦

.Inf A

: .2 ÈA
�
JÓ

ñë AJ
ÊªË@ X@ñmÌ'@ Q
	
ª�



@

	
à

	
X@



[1,+∞[ úÍ@



�
éJ
Ò

�
J
	
JÖÏ @ X @Y«



B@ É¿ ù



ë A = [0, 1[ �Ë AJ
ÊªË@ X@ñmÌ'@

.Sup A = 1

ñë AJ

	
KYË@ X@ñmÌ'@ Q�.»



@

	
à

	
X@



]−∞, 0] úÍ@



�
éJ
Ò

�
J
	
JÖÏ @ X @Y«



B@ É¿ ù



ë ù



ë A = [0, 1[ Ë AJ


	
KYË@ X@ñmÌ'@

.Inf A = 0

: ø



Q
	
ª�



B@ Qå�

	
JªË@ ð ù



Ò

	
¢«



B@ Qå�

	
JªË@ •

, a ∈ A 	áºJ
Ë ð , R 	áÓ
�
éJ




K 	Qk.

�
é«ñÒm.

× A 	áº
�
JË

ð a ∈ A @
	
X @



(Maximum, plus grand element ) A �Ë AJ
Ò
	

¢«


@ @Qå�

	
J« a ù




�
Ò�

	
� ◦

.Max A �K. éË 	QÓQ
	
K ð ∀x ∈ A, x ≤ a
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HA
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®J
J.¢

��
JË @ ð

�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

ð a ∈ A @
	
X @



(Minimum, plus petit element ) A �Ë AK
Q
	
ª�



@ @Qå�

	
J« a ù




�
Ò�

	
� ◦

.Min A �K. éË 	QÓQ
	
K ð ∀x ∈ A, a ≤ x

: .3 ÈA
�
JÓ

Qå�
	
JªÊË

�
éJ.�

	
�ËAK. A

�
Ó


@ úÎ«



B@ 	áÓ

�
é
�
®Ê

	
ªÓ

�
I��
Ë A

�	
à



B ù



Ò

	
¢«



@Qå�

	
J« ÉJ.

�
®

�
K B , A = [0, 1[

�
é«ñÒj. ÖÏ @

.Min A = 0 ñê
	
¯ ø



Q

	
ª�



B@

.2
�
éK
Q

	
¢

	
�

. úÎ«


@ Yg ÉJ.

�
®
�
K úÎ«



B@ 	áÓ

�
èXðYm× ð R 	áÓ

�
éJ




K 	Qk.

�
é«ñÒm.

×
�

É¿ ◦

. ú
	
GX



@ Yg ÉJ.

�
®
�
K ú

	
GX



B@ 	áÓ

�
èXðYm× ð R 	áÓ

�
éJ




K 	Qk.

�
é«ñÒm.

×
�

É¿ ◦

. ú
	
GX



B@ 	áÓ

�
èXðYm× ð úÎ«



B@ 	áÓ

�
èXðYm×

�
I

	
KA¿ @

	
X @



�
èXðYm× A

�
é«ñÒj. ÖÏ @

�	
à



@ Èñ

�
®

	
K ◦
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�
HA

�
®J
J.¢

��
JË @ ð

�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

	áK
PAÖ
�
ß 3.1

:
	á�


�
JËAmÌ'@ C¿ ú




	
¯ A ∪B, A ∩B, A ∩B, A ∪B Yg. ð



@ : È

�
ð



B@ 	áK
QÒ

�
JË @

�
IJ
m

�'
. E 	áÓ

	á�

�
J�




K 	Qk.

	á�

�
J«ñÒm.

× B ð A 	áº
�
JË ð E = {1, 2, 3, 4, 5, 6, 7, 8, 9} : úÍð



B@

�
éËAmÌ'@

.B = {x | 3
	

­«A
	

�Ó x} ð A = {x | 2
	

­«A
	

�Ó x}

.E = R, A = {x ∈ R, | x2 < 2}, B = {x ∈ R, | x2 > 1} :
�
éJ


	
K A

�
JË @

�
éËAmÌ'@

? i.
�
J
	
J
�
��

�
� @

	
XAÓ

E 	áÓ
	á�


�
J�




K 	Qk.

	á�

�
J«ñÒm.

× B ð A 	
àA¿ @

	
X @



, card(E) = 30 �
IJ
k

�
éJ
î

�
D
	
JÓ

�
é«ñÒm.

× E 	áºJ
Ë : ú



	
G A

�
JË @ 	áK
QÒ

�
JË @

.card(A ∩B) = 6 ð card(B) = 15 , card(A) = 20 �
IJ
k

. card(A ∪B) Yg. ð


@ •

. ÈA
�
JÓ ¡«@



•

: 	áÓ
�

É¿ X
�
Yg , A = {a, b}, B = {1, 3}, C = {4, 5} 	áºJ
Ë :

�
IËA

�
JË @ 	áK
QÒ

�
JË @

A× (B ∪ C) •

(A×B) ∪ (A× C) •

A× (B ∩ C) •

(A×B) ∩ (A× C) •

? i.
�
J
	
J
�
��

�
� @

	
XAÓ

.
�
éJ
ÊK. A

�
®
�
K ,

�
èQÓA

	
« ,

�
é
	
JK
AJ.

�
JÓ

�
éJ
ËA

�
JË @

�
HA

�
®J
J.¢

�
JË @

�
I

	
KA¿

	
à@



Q»

	
X


@ : ©K. @

�QË @ 	áK
QÒ
�
JË @

f : R∗ → R∗
x 7→ f(x) = 1

x

g : R → R
x 7→ g(x) = x2 + 1

k : R+ → R
x 7→ k(x) = |x|

.

: ú


ÎK
AÒ»

	á�

�
J
	
Q̄ªÓ g ð f 	áºJ
Ë : �ÓA

	
mÌ'@ 	áK
QÒ

�
JË @

f : R → R
x 7→ f(x) = 2x+ 3

g : R → R
x 7→ g(x) = x2

.

. i.
�
J
	
J
�
��

�
� @

	
XAÓ , fog ð gof Yg. ð



@ •
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��
JË @ ð

�
HA«ñÒj. ÖÏ @ .1 É�

	
®Ë@

: ú


ÎK
AÒ»

	á�

	
¯�QªÓ g ð f 	á�
ªK. A

�
JË @ 	áºJ
Ë : �XA�Ë@ 	áK
QÒ

�
JË @

f :]0,+∞[ → ]0,+∞[
x 7→ 1

x

g :]0,+∞[ → R
x 7→ x−1

x+1

. 	áºÓ


@

	
à@



g ◦ f ð f ◦ g Yg. ð



@ .1

. h(x) = x3 − 1 ð g(x) = 2x+ 1 , f(x) = x2 �K.
�
é
	
¯�QªÖÏ @ f, g, h : R→ R 	áºJ
Ë .2

. f ◦ (g ◦ h) ð (f ◦ g) ◦ h I. �k


@ .3

:
�
éJ
ËA

�
JË @

�
HA«ñÒj. ÖÏ @ 	áº

�
JË : ©K. A�Ë@ 	áK
QÒ

�
JË @

E1 =
{
x ∈ R | x ≥ 5 ð x ≤ 10

}
E2 =

{
x ∈ R | x ≥ 1 ð



@ x < 0

}
E3 =

{
x ∈ R | x < 1 ð



@ x ≥ 0

}
E4 = {x ∈ R | |x| ≤ 4}
E5 = {x ∈ R | x2 < 7}
E6 = {x ∈ R | x2 > 4}
E7 = {x ∈ N | 2 < x ≤ 10}

E8 =

{
x ∈ N | x ú



k
.
ð 	P

}
.

�
HBAm.

× É¾
�

� úÎ«
�
é
�
®K. A�Ë@

�
HA«ñÒj. ÖÏ @ I.

�
J»



@ .1

Qå�
	
JªË@ , Max ù



Ò

	
¢«



B@ Qå�

	
JªË@ , Sup úÎ«



B@ YmÌ'@ , Inf ú

	
GX



B@ YmÌ'@ 	áÓ

�
É¿

�
HYg. ð

	
à@



	á
�
�
« .2

. ÉJ
Êª
�
JË @ ©Ó

�
é
�
®K. A�Ë@

�
HA«ñÒj. ÒÊË AJ


	
KYË@ X@ñmÌ'@ ð AJ
ÊªË@ X@ñmÌ'@ , Min ø



Q

	
ª�



B@

, Max ù


Ò

	
¢«



B@ Qå�

	
JªË@ , Sup úÎ«



B@ YmÌ'@ , Inf ú

	
GX



B@ YmÌ'@ 	áÓ

�
É¿ Yg. ð

	
à@



	á
�
�
« : 	áÓA

�
JË @ 	áK
QÒ

�
JË @

. ÉJ
Êª
�
JË @ ©Ó

�
éJ
ËA

�
JË @

�
HA«ñÒj. ÒÊË AJ


	
KYË@ X@ñmÌ'@ ð AJ
ÊªË@ X@ñmÌ'@ , Min ø



Q

	
ª�



B@ Qå�

	
JªË@

.A1 = {x ∈ R | |x| < 4} •

.A2 = {x ∈ R | x2 > 9} •

.A3 = {y ∈ R | y = 1
1−x , 0 < x ≤ 1

2
} •

.A4 = {y ∈ R | y = 3− 1
n
, n ∈ N∗} •
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�
éK
XYªË@

�
HAJ
ËA

�
J
�
JÖÏ @ 1.2

:
�

�J
J.¢
�
� É¿

�
éK
XY«

�
éJ
ËA

�
J
�
JÓ ù




�
Ò�

	
� : .1

	
­K
Qª

�
K

U : N −→ R
n 7−→ U(n) = Un

. (Un)n∈N ð


@ (Un)n �K. Un ÐAªË@ YmÌ'@

�
H@

	
X

�
éJ
ËA

�
J
�
JÒÊË 	QÓQ

	
K ð

�
éJ
ËA

�
J
�
JÖÏ @ XðYg U0, U1, . . . , Un ù




�
Ò�

	
�

.
�
éJ
ËA

�
J
�
JÒÊË ÐAªË@ YmÌ'AK. Un ð

�
éJ
ËA

�
J
�
JÒÊË Èð



B@ YmÌ'AK. U0 ù




�
Ò�

	
�

Un = 1
n+1

: ÈA
�
JÓ

U0 = 1, U1 = 1
2
, . . . , Un = 1

n+1
: A

	
JK
YË

:
�
é

	
¢kCÓ

.Un ÐAªË@ Aë
�
Yg

�
é�@PYK. ¡J.

�
KQK


�
éJ
ËA

�
J
�
JÓ ø






@

�
é�@PX •

.U0, U1, U2, . . . : XðYmÌ'@ 	áÓ é
�
J
	
JÓ Q�


	
« XY« 	áÓ

�
éJ
î

�
D
	
JÓ Q�


	
«

�
éJ
ËA

�
J
�
JÓ

	
à

�
ñº

�
J
�
K •

.U0, U1, U2 . . . , Un : XðYmÌ'@ 	áÓ é
�
J
	
JÓ XY« 	áÓ

�
éJ
î

�
D
	
JÓ

�
éJ
ËA

�
J
�
JÓ

	
à

�
ñº

�
J
�
K •

.
	á�


�
J
	
®Ê

�
J
	
m×

	á�

�
KPA

�
�@



AÒêË

	á�
ªK. A
�
J
�
JÓ 	áK
Yg

�
É¿

�
IJ
k

�
éJ
ËA

�
J
�
JÖÏ @ ù



ë

�
éK. ðA

	
J
�
JÖÏ @

�
éJ
ËA

�
J
�
JÖÏ @ : .2

	
­K
Qª

�
K

1, −2, 3, −4, . . . A
	
JK
YË n = 1, 2, 3, 4, . . . Ég.



@ 	áÓ :

�
éK. ðA

	
J
�
JÓ

�
éJ
ËA

�
J
�
JÓ ù



ë Un = (−1)n+1 × n : ÈA

�
JÓ

•− �
èXðYjÖÏ @

�
éJ
ËA

�
J
�
JÖÏ @ 1.1.2

: @
	
X @

 úÎ«



B@ 	áÓ

�
èXðYm×

�
éJ
ËA

�
J
�
JÓ (Un)n

�	
à



@ Èñ

�
®

	
K : .1

	
­K
Qª

�
K

∃M ∈ R, ∀n ∈ N, Un ≤M.

: @
	
X @



ú
	
GX



B@ 	áÓ

�
èXðYm×

�
éJ
ËA

�
J
�
JÓ (Un)n

�	
à



@ Èñ

�
®

	
K : .2

	
­K
Qª

�
K

∃m ∈ R, ∀n ∈ N, Un ≥ m.
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B@ 	áÓ

�
èXðYm× ð ú

	
GX



B@ 	áÓ

�
èXðYm×

�
I

	
KA¿ @

	
X @



�
èXðYm×

�
éJ
ËA

�
J
�
JÓ (Un)n

�	
à



@ Èñ

�
®

	
K : .3

	
­K
Qª

�
K

∃m,M ∈ R, ∀n ∈ N, m ≤ Un ≤M.

:
�	
à



B

�
èXðYm× Un = 1

n+1
: ÐAªË @ YmÌ'@

�
H@

	
X

�
éJ
ËA

�
J
�
JÖÏ @ : ÈA

�
JÓ

∀ ∈ N : 0 <
1

n+ 1
≤ 1

.
�
èXðYm× Q�


	
« Vn = n+ 1 �

IJ
k (Vn)n : ÐAªË @ YmÌ'@
�

H@
	
X

�
éJ
ËA

�
J
�
JÖÏ @

�	áºË

,
�
éJ
ËA

�
J
�
JÓ (Un)n 	áº

�
JË •− �

éJ
ËA
�
J
�
JÓ

�
éK. A

�
KP 2.1.2

∀n ∈ N, Un+1 ≥ Un : @
	
X @



�
èYK
@

	Q�
�Ó

�
éJ
ËA

�
J
�
JÓ (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

�	
à



@ Èñ

�
®

	
K ◦

∀n ∈ N, Un+1 > Un : @
	
X @



AÓAÖ
�
ß

�
èYK
@

	Q�
�Ó

�
éJ
ËA

�
J
�
JÓ (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

�	
à



@ Èñ

�
®

	
K ◦

∀n ∈ N, Un+1 ≤ Un : @
	
X @



�
é�

�
¯A

	
J
�
JÓ

�
éJ
ËA

�
J
�
JÓ (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

�	
à



@ Èñ

�
®

	
K ◦

∀n ∈ N, Un+1 < Un : @
	
X @



AÓAÖ
�
ß

�
é�

�
¯A

	
J
�
JÓ

�
éJ
ËA

�
J
�
JÓ (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

�	
à



@ Èñ

�
®

	
K ◦

.
�
é�

�
¯A

	
J
�
JÓ ð



@

�
èYK
@

	Q�
�Ó

�
éJ
ËA

�
J
�
JÖÏ @

�
I

	
KA¿ @

	
X @



�
éJ. �


�
KP

�
éJ
ËA

�
J
�
JÓ (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

�	
à



@ Èñ

�
®

	
K ◦

. AÓAÖ
�
ß

�
é�

�
¯A

	
J
�
JÓ ð



@ AÓAÖ

�
ß

�
èYK
@

	Q�
�Ó

�
éJ
ËA

�
J
�
JÖÏ @

�
I

	
KA¿ @

	
X @



AÓAÖ
�
ß

�
éJ. �


�
KP

�
éJ
ËA

�
J
�
JÓ (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

�	
à



@ Èñ

�
®

	
K ◦

Aî
�	
E


@ Èñ

�
®

	
K , AÓAÖ

�
ß

�
éJ.k. ñÓ XðYg

�
H@

	
X

�
éJ
ËA

�
J
�
JÓ (Un)n

�
éËAg ú




	
¯ : .1

�
é

	
¢kCÓ

. ∀n ∈ N, Un+1

Un
≥ 1 : @

	
X @



�
èYK
@

	Q�
�Ó ◦

. ∀n ∈ N, Un+1

Un
≤ 1 : @

	
X @



�
é�

�
¯A

	
J
�
JÓ ◦

: .2
�
é

	
¢kCÓ

.
�
èYK
@

	Q�
�Ó

�
éJ
ËA

�
J
�
JÓ (Un)n :

�	
àA




	
¯ ∀x ∈ R∗+, f ′(x) ≥ 0 ð Un = f(n) �

I
	
KA¿ @

	
X @


◦

.
�
é�

�
¯A

	
J
�
JÓ

�
éJ
ËA

�
J
�
JÓ (Un)n :

�	
àA




	
¯ ∀x ∈ R∗+, f ′(x) ≤ 0 ð Un = f(n) �

I
	
KA¿ @

	
X @


◦

,
�
éJ
ËA

�
J
�
JÓ (Un)n 	áº

�
JË •− �

éJ
ËA
�
J
�
JÓ

�
éK
Aî

	
E 3.1.2

. ù



�
®J


�
®k XY« l �

IJ
k lim
n→+∞

Un = l @
	
X @


l ñm�

	
' �

éK. PA
�
®
�
JÓ

�
éJ
ËA

�
J
�
JÓ (Un)n : 1.

	
­K
Qª

�
K

.
�
èXñk. ñÓ Q�


	
«

�
éK
Aî

	
DË @

�
I

	
KA¿ ð



@ lim
n→+∞

Un = ∓∞ �
I

	
KA¿ @

	
X @



�
èY«AJ.

�
JÓ

�
éJ
ËA

�
J
�
JÓ (Un)n : 2.

	
­K
Qª

�
K

. YJ
kð l
�	
àA




	
¯ l ñm�

	
' (Un)n AÓ

�
éK
XY«

�
éJ
ËA

�
J
�
JÓ

�
IK. PA

�
®
�
K @

	
X @


.1

�
éK
Q

	
¢

	
�

.
�
èXðYm× Aî

�	
EA



	
¯

�
éK. PA

�
®
�
JÓ

�
éJ
ËA

�
J
�
JÓ É¿ .2

�
éK
Q

	
¢

	
�

, Un = (−1)n : ÈA
�
JÓ ,

�
é
�
ÓA« iJ
m

�� Q�

	
« �ºªË@

:
�	áºË |Un| ≤ 1

�	
à



B

�
èXðYm× (Un)n A

	
JK
YË
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Xð
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�
HAJ
ËA

�
J
�
JÖÏ @ .2 É�

	
®Ë@

Un =

{
1 ú



k
.
ð 	P n

−1 ø



XQ
	
¯ n

(1.2)

.∓ 1 	á�

�
JK
Aî

	
E AêË

�	
à



B

�
éK. PA

�
®
�
JÓ

�
I��
Ë (Un)n

lim
n→+∞

(Un × Vn) = 0
�	
àA




	
¯ lim
n→+∞

Vn = 0 ð
�
èXðYm× (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

�
I

	
KA¿ @

	
X @


.3

�
éK
Q

	
¢

	
�

�K. ù¢ªÓ ÐAªË@ Aë
�
Yg ð

�
éJ
ËA

�
J
�
JÓ (Vn)n ð Un = cos(n) ÐAªË@ Aë

�
Yg ð

�
éJ
ËA

�
J
�
JÓ (Un)n

�
I

	
KA¿ @

	
X @



: ÈA
�
JÓ

lim
n→+∞

(Un × Vn) = 0 	
à

	
X@


Vn = 1√

n

.4
�
éK
Q

	
¢

	
�

: úÎ«


B@ Aë

�
Yg ñm�

	
' �

éK. PA
�
®
�
JÓ ú



æê

	
¯ úÎ«



B@ 	áÓ

�
èXðYm× ð

�
èYK
@

	Q�
�Ó (Un)n

�
éJ
ËA

�
J
�
JÓ

�
É¿ .1

lim
n→+∞

Un = l = Sup {Un | n ∈ N}

: ú
	
GX



B@ Aë

�
Yg ñm�

	
' �

éK. PA
�
®
�
JÓ ú



æê

	
¯ ú

	
GX



B@ 	áÓ

�
èXðYm× ð

�
é�

�
¯A

	
J
�
JÓ (Vn)n

�
éJ
ËA

�
J
�
JÓ

�
É¿ .2

. lim
n→+∞

Vn = l = Inf {Vn | n ∈ N}

:
�
é

	
¢kCÓ

.+∞ úÍ@



Èð



ñ
�
K úÎ«



B@ 	áÓ

�
èXðYm× Q�


	
« ð

�
èYK
@

	Q�
�Ó

�
éJ
ËA

�
J
�
JÓ

�
É¿ •

.−∞ úÍ@



Èð



ñ
�
K ú

	
GX



B@ 	áÓ

�
èXðYm× Q�


	
« ð

�
é�

�
¯A

	
J
�
JÓ

�
éJ
ËA

�
J
�
JÓ

�
É¿ •

. È
�
ð



B@ Aë

�
Ym�'

. ú
	
GX



B@ 	áÓ

�
èXðYm× ú



æê

	
¯

�
èYK
@

	Q�
�Ó

�
éJ
ËA

�
J
�
JÓ

�
É¿ •

. È
�
ð



B@ Aë

�
Ym�'

. úÎ«


B@ 	áÓ

�
èXðYm× ú



æê

	
¯

�
é�

�
¯A

	
J
�
JÓ

�
éJ
ËA

�
J
�
JÓ

�
É¿ •

•− �
èPðAj.

�
JÖÏ @

�
HAJ
ËA

�
J
�
JÖÏ @ 4.1.2

: ú


ÎK
AÓ

�
�

��
®m�

�
' @

	
X @



	á�

�
KPðAj.

�
JÓ AÒî

�	
E


@ (Vn)n ð (Un)n

	á�

�
JJ
ËA

�
J
�
JÓ 	á« Èñ

�
®

	
K :

	
­K
Qª

�
K
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7n+ 3
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sin(n),

Ln =
1

n
+ (−1)n, Yn =

(−1)n

n
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x 7−→ f(x)
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�
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­K
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�
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�
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×

Df =
{
x ∈ R | 	

¬�QªÓ ð Xñk. ñÓ f(x)
}

:
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�
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@

. Df = R , f(x) = x2 + 2x+ 1 ◦

. Df = {x ∈ R | x− 1 ≥ 0} = [1,+∞[ , g(x) =
√
x− 1 ◦

. Df = {x ∈ R | x2 − 1 ≥ 0} =]−∞,−1] ∪ [1,+∞[ , h(x) =
√
x2 − 1 ◦

. Df = R− {3} , K(x) =
x2 + 1

x− 3
◦
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�
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x
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√
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√
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: èA
	
KX



@ l�

	
�ñÖÏ @ (1.3) ÈðYm.

Ì'@ ú



	
¯ ln ©K. A

�
JË @

�
H@Q

�
�


	
ª

�
K �

�	
jÊ

	
K

	
à



@ ©J
¢

�
��

	
�

x

(lnx)′ = 1
x

lnx

0 +∞

+

−∞

+∞+∞

1

0

ln ©K. A
�
JË @

�
H@Q

�
�


	
ª

�
K : (1.3) ÈðYm.

Ì'@

28



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

: ú


ÎK
AÒ» ln ©K. A

�
JË @

	
àAJ
K. Õæ�P

	
àñºK
 (1.3) ÈðYm.

Ì'@ 	áÓ

x

y

ln(x)

e

ln ©K. A
�
JÊË ú




	
G AJ
J. Ë @ ÉJ


�
JÒ

�
JË @ : (5.3) É¾

�
�Ë@

ú


æ�º« ©K. A

�
K ÉJ.

�
®K
 ñê

	
¯

	
à

	
X@



]0,+∞[ úÎ« AÓAÖ
�
ß YK
@

	Q�
�Ó ð �QÒ

�
J�Ó ,

	
¬�QªÓ ln ©K. A

�
JË @

�
éK
Q

	
¢

	
� I. �k ) . ln ©K. A

�
JË @

�
H@Q

�
�


	
ª

�
K �

	
®

	
K éË ð R úÎ« AÓAÖ

�
ß YK
@

	Q�
�Ó ð �QÒ

�
J�Ó f−1 : exp : R −→]0,+∞[

(
�
éJ
�ºªË@ ©K. @ñ

�
JË @

: �K.
	

¬�QªÓ ú


æ
�
�


B@ ©K. A

�
JË @ •− ú



æ
�
�


B@ ©K. A

�
JË @ 2.1.4.3

f : R −→ ]0,+∞[
x 7−→ f(x) = exp(x) = ex

.

Df = R ◦

R úÎ« AÓAÖ
�
ß YK
@

	Q�
�Ó ð �QÒ

�
J�Ó exp ◦

exp(a+ b) = exp(a)× exp(b) ◦

(exp(x))n = exp(n.x) ◦

exp(0) = 1 ◦

: èA
	
KX



@ l�

	
�ñÖÏ @ (2.3) ÈðYm.

Ì'@ ú



	
¯ exp ©K. A

�
JË @

�
H@Q

�
�


	
ª

�
K �

�	
jÊ

	
K

	
à



@ ©J
¢

�
��

	
�

29



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

x

(exp(x))′ =
exp(x)

exp(x)

−∞ +∞

+

00

+∞+∞

0

1

exp ©K. A
�
JË @

�
H@Q

�
�


	
ª

�
K : (2.3) ÈðYm.

Ì'@

: ú


ÎK
AÒ» exp ©K. A

�
JË @

	
àAJ
K. Õæ�P

	
àñºK
 (2.3) ÈðYm.

Ì'@ 	áÓ

x

y

exp ©K. A
�
JÊË ú




	
G AJ
J. Ë @ ÉJ


�
JÒ

�
JË @ : (6.3) É¾

�
�Ë@

a > 0, a 6= 1 , x ∈ R �
IJ
k f(x) = ax = exlna �K.

	
¬�QªÖÏ @ ©K. A

�
JË @ ñë •− øñ

�
®Ë@ ©K. A

�
K 3.1.4.3

:
�

IJ
k a �A�


B@ ð

	
X ù



Ö
�
ßQ

	
«ñÊ

�
Ë @ ©K. A

�
JË @ ñë ú



æ�ºªË@ éªK. A

�
K

f−1 : ]0,+∞[ −→ R
x 7−→ f−1(x) = loga(x) = lnx

ln a

.

É¾
�

�Ë@ Q
	

¢
	
�


@) ú



ÎK
AÒ»

�
éJ


�
JÊ

�
JÖÏ @

�
èQ



K @YË@ É

	
g@X

	á�

�
J
	
¯�QªÓ x

�
éK
ð@ 	QÊË cos ð sin •− �

éJ

�
JÊ

�
JÖÏ @ ©K. @ñ

�
JË @ 2.4.3

: ( (7.3)

sin(x) =
OS

OP
= OS = CP, ð cos(x) =

OC

OP
= OC = SP (OP = 1)

30



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

1

1

O C

S
P

x

�
éJ


�
JÊ

�
JÖÏ @

�
èQ



K @YË@ : (7.3) É¾

�
�Ë@

:
�
é¢J
��. Ë @

�
éJ


�
JÊ

�
JÖÏ @ ©K. @ñ

�
JË @

	
�ªK. ú



ÎK
AÓ ú




	
¯ �PY

	
J�

f(x) = sinx .1

f(x) = cos x .2

f(x) = tan x = sinx
cosx

.3

: ú


ÎK
AÒ»

	
¬�QªÖÏ @ f ©K. A

�
JË @ 	áºJ
Ë •− sin ©K. A

�
JË @ 1.2.4.3

f : R −→ [−1, 1]
x 7−→ f(x) = sinx

��
Ë ñê
	
¯

	
à

	
X@



(ø



PðX ©K. A
�
K sin ) R úÎ« I. �


�
KP ��
Ë é

�	
JºË , R úÎ« QÒ

�
J�Ó ð

	
¬�QªÓ sin ©K. A

�
JË @

�	
à



@ ÕÎª

	
K

úÎ« sin ©K. A
�
JË @

�
H@Q

�
�


	
ª

�
K ÈðYg. É

�
�
JÖß
 (3.3) ú



ÍA

�
JË @ ÈðYm.

Ì'@ . ú


æ�º« ©K. A

�
K ÉJ.

�
®K
 B ú



ÍA

�
JËAK. ð R úÎ« ú



ÎK. A

�
®
�
K

: [−π
2
, 3π

2
] ÈAj. ÖÏ @

x

(sinx)′ =
cosx

sin(x)

−π
2

π
2

3π
2

0 0 0

−1−1

11

−1−1

0

0

π

0

sin ©K. A
�
JË @

�
H@Q

�
�


	
ª

�
K : (3.3) ÈðYm.

Ì'@

: ú


ÎK
AÒ» sin ©K. A

�
JË @

	
àAJ
K. Õæ�P

	
àñºK
 (3.3) ÈðYm.

Ì'@ 	áÓ

31



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

x

y

0 π
2−π

2
−π π 3π

2

1

−1

sinx

sinx ©K. A
�
JÊË ú




	
G AJ
J. Ë @ ÉJ


�
JÒ

�
JË @ : (8.3) É¾

�
�Ë@

: [−π
2
, π
2
] ÈAj. ÖÏ @ úÎ« sin ©K. A

�
JË @ Q�.

�
Jª

	
JË

sin : [−π
2
, π
2
] −→ [−1, 1]

x 7−→ sinx

ú«YK
 ú


æ�º« ©K. A

�
K ÉJ.

�
®K
 ú



ÍA

�
JËAK. ð ú



ÎK. A

�
®
�
K ñê

	
¯

	
à

	
X@



, AÓAÖ
�
ß YK
@

	Q�
�Ó ð QÒ

�
J�Ó sin ©K. A

�
JË @ , [−π

2
, π
2
] ÈAj. ÖÏ @ ú




	
¯

:
�
éJ
ËA

�
JË @ �@ñ

	
mÌ'@ é

	
JÓ ð arcsin : [−1, 1] −→ [−π

2
, π
2
] :

�
IJ
k arcsin ©K. A

�
JË AK.

sin(arcsin(x)) = x, ∀x ∈ [−1, 1] •

arcsin(sin(x)) = x, ∀x ∈ [−π
2
, π
2
] •

y = sinx⇔ x = arcsin y, ∀x ∈ [−π
2
, π
2
], ∀y ∈ [−1, 1] •

x 0 π
6

π
4

π
3

π
2

sinx 0 1
2

√
2
2

√
3
2

1

x 0 1
2

√
2
2

√
3
2

1
arcsinx 0 π

6
π
4

π
3

π
2

arcsin ú


æ�ºªË@ ©K. A

�
JË @ ð sin ©K. A

�
JË @ : (4.3) ÈðYm.

Ì'@

: ú


ÎK
AÒ»

	
¬�QªÖÏ @ f ©K. A

�
JË @ 	áºJ
Ë •− cos ©K. A

�
JË @ 2.2.4.3

f : R −→ [−1, 1]
x 7−→ f(x) = cos x

��
Ë ñê
	
¯

	
à

	
X@



(ø



PðX ©K. A
�
K cos ) R úÎ« I. �


�
KP ��
Ë é

�	
JºË , R úÎ« QÒ

�
J�Ó ð

	
¬�QªÓ cos ©K. A

�
JË @

�	
à



@ ÕÎª

	
K

ÈAj. ÖÏ @ úÎ« cos ©K. A
�
JË @

�
H@Q

�
�


	
ª

�
K ÈðYg. É

�
�
JÖß
 ú



ÍA

�
JË @ ÈðYm.

Ì'@ . ú


æ�º« ©K. A

�
K ÉJ.

�
®K
 B ú



ÍA

�
JËAK. ð R úÎ« ú



ÎK. A

�
®
�
K

: [0, π]

32



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

x

(cosx)′ =
− sinx

cos(x)

0 π 2π

0 − 0 + 0

11

−1−1

11

π
2

0

3π
2

0

cos ©K. A
�
JË @

�
H@Q

�
�


	
ª

�
K : (5.3) ÈðYm.

Ì'@

x

y

0 π
2−π

2
π 3π

2
2π

1

−1
cosx

cosx ©K. A
�
JÊË ú




	
G AJ
J. Ë @ ÉJ


�
JÒ

�
JË @ (9.3) É¾

�
�Ë@

. [0, π] ÈAj. ÖÏ @ úÎ« cos ©K. A
�
JË @ Q�.

�
Jª

	
JË

cos : [0, π] −→ [−1, 1]
x 7−→ cosx

ú«YK
 ú


æ�º« ©K. A

�
K ÉJ.

�
®K
 ú



ÍA

�
JËAK. ð ú



ÎK. A

�
®
�
K ñê

	
¯

	
à

	
X@



, AÓAÖ
�
ß �

�
¯A

	
J
�
JÓ ð QÒ

�
J�Ó cos ©K. A

�
JË @ [0, π] ÈAj. ÖÏ @ ú




	
¯

:
�
éJ
ËA

�
JË @ �@ñ

	
mÌ'@ é

	
JÓ ð arccos : [−1, 1] −→ [0, π] �

IJ
k arccos ©K. A
�
JË AK.

cos(arccos(x)) = x, ∀x ∈ [−1, 1] •

arccos(cos(x)) = x, ∀x ∈ [0, π] •

y = cosx⇔ x = arccos y, ∀x ∈ [0, π], ∀y ∈ [−1, 1] •

x 0 π
6

π
4

π
3

π
2

cosx 1
√
3
2

√
2
2

1
2

0

x 0 1
2

√
2
2

√
3
2

1
arccosx π

2
π
3

π
4

π
6

0

arccos ú


æ�ºªË@ ©K. A

�
JË @ ð cos ©K. A

�
JË @ : (5.3) ÈðYm.

Ì'@

33



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

. Dtan =
{
x 6= π

2
+ kπ, | k ∈ Z

}
ð tan(x) = sinx

cosx
�K.

	
¬�QªÖÏ @ tan ©K. A

�
JÊË

�
éJ.�

	
�ËAK. :

�
é

	
¢kCÓ

ú


æ�º« ©K. A

�
K ÉJ.

�
®K
 ú



ÍA

�
JËAK. ð ú



ÎK. A

�
®
�
K

	
à

	
X@



ñê
	
¯ AÓAÖ

�
ß YK
@

	Q�
�Ó ð QÒ

�
J�Ó tan :]− π

2
, π
2
[−→ R ©K. A

�
JË @

�	
à



@ ÕÎª

	
K

:
�
éJ
ËA

�
JË @ �@ñ

	
mÌ'@ é

	
JÓ ð , arctan : R −→]− π

2
, π
2
[ �

IJ
k arctan ©K. A
�
JË AK. ú«YK


tan(arctan(x)) = x, ∀x ∈ R •

arctan(tan(x)) = x, ∀x ∈]− π
2
, π
2
[ •

y = tanx⇔ x = arctan y, ∀x ∈]− π
2
, π
2
[, ∀y ∈ R •

x 0 π
6

π
4

π
3

π
2

tanx 0 1√
3

1
√

3 ∞
x 0 1√

3
1
√

3 ∞
arctanx 0 π

6
π
4

π
3

π
2

arctan ú


æ�ºªË@ ©K. A

�
JË @ ð tan ©K. A

�
JË @ : (6.3) ÈðYm.

Ì'@

©K. @ñ
�
JË @

�
�A

�
®
�
J

�
�@



5.3

x0 ∈ I 	áºJ
Ë ð ©K. A
�
K f : I −→ R ð R 	áÓ hñ

�
J
	
®Ó ÈAm.

× I 	áºJ
Ë •−
	

­K
PAª
�
K 1.5.3

: @
	
X @


x0

�
é¢

�
®

	
JË @ Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f ©K. A

�
JË @

�	
à



@ Èñ

�
®

	
K : 1

	
­K
Qª

�
K

lim
x→x0

f(x)− f(x0)

x− x0
= l (1.3)

l = f ′(x0) I.
�
Jº

	
K ð x0

�
é¢

�
®

	
JË @ Y

	
J« f ©K. A

�
JË @

�
�

�
J

�
�Ó l ù




�
Ò�

	
�

	
Y



KY

	
J« ,

�
éJ
î

�
D
	
JÓ l �

IJ
k

:
	

­K
Qª
�
K

: @
	
X @


x0

�
é¢

�
®

	
JË @

	á�
Öß
 úÎ«
�

�A
�
®
�
J

�
�C



Ë ÉK. A

�
¯ f ©K. A

�
JË @

�	
à



@ Èñ

�
®

	
K .1

l1 = f ′d(x0)
	
à

	
X@



lim
x→x+0

f(x)− f(x0)

x− x0
= l1

: @
	
X @


x0

�
é¢

�
®

	
JË @ PA��
 úÎ«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f ©K. A

�
JË @

�	
à



@ Èñ

�
®

	
K .2

l2 = f ′g(x0)
	
à

	
X@



lim
x→x+0

f(x)− f(x0)

x− x0
= l2

. f ′d(x0) = f ′g(x0) = l : @
	
X @


x0

�
é¢

�
®

	
JË @ Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f ©K. A

�
JË @

�	
à



@ Èñ

�
®

	
K : .5

�
éK
Q

	
¢

	
�

x0
�
é¢

�
®

	
K É¿ Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f 	

àA¿ @
	
X @


I úÎ«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f ©K. A

�
JË @

�	
à



@ Èñ

�
®

	
K : 2

	
­K
Qª

�
K

.I 	áÓ

.
df(x)

dx
ð



@ f ′(x) I.

�
Jº

	
K ð f

�
�

�
J

�
�Ó ù

�
Ò��
 f

′ : x −→ f ′(x) �
IJ
k f ′ ©K. A

�
JË @

.R 	áÓ x0
�
é¢

�
®

	
K É¿ Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f

�	
à



@

	á
�
�
K. , f(x) = x2 : ÈA

�
JÓ

34



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

lim
x→x0

f(x)− f(x0)

x− x0
= lim

x→x0

x2 − x20
x− x0

= lim
x→x0

(x+ x0) = 2x0

.f ′(x) = 2x 	
à

	
X@



, 2x0 ù



ë x0
�
é¢

�
®

	
JË @ Y

	
J« f ©K. A

�
JÊË

�
é
��
®
�
J

�
�ÖÏ @

�
éÒJ


�
®Ë @

�	
à



@ A

�	
JëQK.

. x0 ∈ I 	áºJ
Ë ð ©K. A
�
K f : I −→ R ð R 	áÓ hñ

�
J
	
®Ó ÈAm.

× I 	áºJ
Ë : .6
�
éK
Q

	
¢

	
�

.x0
�
é¢

�
®

	
JË @ Y

	
J« �QÒ

�
J�Ó f

�	
àA




	
¯ x0

�
é¢

�
®

	
JË @ Y

	
J«

�
�A

�
®

�
J

�
�C



Ë ÉK. A

�
¯ f 	

àA¿ @
	
X @


•

.I úÎ« �QÒ
�
J�Ó f

�	
àA




	
¯ I úÎ«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f 	

àA¿ @
	
X @


•

: ÈA
�
JÓ , iJ
m

�� Q�

	
« �ºªË@

:
�	
à



B 0 Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ Q�


	
«

�	áºË , x0 = 0
�
é¢

�
®

	
JË @ Y

	
J« �QÒ

�
J�Ó f(x) = |x|

lim
x→0

f(x)− f(0)

x− 0
= lim

x→0

|x|
x

= lim
x→0


x

x
= 1 = f ′d(0) x > 0,

−x
x

= −1 = f ′g(0) x < 0

.f ′d(0) 6= f ′g(0)
�	
à



B x0 = 0

�
é¢

�
®

	
JË @ Y

	
J«

�
�A

�
®

�
J

�
�C



Ë ÉK. A

�
¯ Q�


	
« f :

�
é

	
¢kCÓ

:
�	
à



@ i.

�
J
	
�K


�
é
�
®K. A�Ë@

�
éK
Q

	
¢

	
JË @ 	áÓ : h. A

�
J
	
J
�
��@




I ) x0
�
é¢

�
®

	
JË @ Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ Q�


	
« f

�	
àA




	
¯ (ú



Í@ñ

�
JË @ úÎ« I ) x0

�
é¢

�
®

	
JË @ Y

	
J« �QÒ

�
J�Ó Q�


	
« f 	

àA¿ @
	
X @



.(ú


Í@ñ

�
JË @ úÎ«

	á�
ÊK. A
�
¯

	á�
ªK. A
�
K f, g : I −→ R �

IJ
k f, g 	áºJ
Ë •−
�

�A
�
®
�
J

�
�C



Ë

�
éÊK. A

�
®Ë @ ©K. @ñ

�
JË @ �@ñ

	
k 2.5.3

: x ∈ I É¿ Ég.



@ 	áÓ

	
à

	
X@



, I úÎ«
�

�A
�
®
�
J

�
�C



Ë

(f ∓ g)′(x) = f ′(x)∓ g′(x) •

.
�

IK. A
�
K ù




�
®J


�
®k XY« λ �

IJ
k (λ× f)′(x) = λ× f ′(x) •

(f × g)′(x) = [f ′(x)× g(x)] + [f(x)× g′(x)] •

g(x) 6= 0 @
	
X @



(
f

g

)′
(x) =

[f ′(x)× g(x)]− [g′(x)× f(x)]

g2(x)
•

f(x) 6= 0 @
	
X @



(
1

f

)′
(x) =

−f ′(x)

f 2(x)
•

(g ◦ f)′(x) = g′(f(x))× f ′(x) •

[ax]′ = ln a× ax, a > 0 •

. f > 0 @
	
X @



[f g]′ = [g. ln f ]′ × [f g] •

:
�
éÊ

�
JÓ



@

(lnx)′ =
1

x
ð ]0,+∞[ úÎ«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ ln •

35



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @ .3 É�

	
®Ë@

(exp(x))′ = exp(x) ð R úÎ«
�

�A
�
®
�
J

�
�C



Ë ÉK. A

�
¯ exp •

[ln(3x5 + 2x2 + x+ 2)]′ = (3x5+2x2+x+2)′

3x5+2x2+x+2
= 15x4+4x+1

3x5+2x2+x+2
•

[e2x
2+5x+2]′ = (2x2 + 5x+ 2)′ × [e2x

2+5x+2] = (4x+ 5)× [e2x
2+5x+2] •

[3x]′ = ln 3× 3x •

[xx+1]′ = [(x+ 1). lnx]′ × [xx+1] =
[
lnx+ x+1

x

]
•

�
�A

�
®
�
J

�
�B



@ ÉJ.

�
®K
 f

	
àA¿ @

	
X @



ð AÓAÖ
�
ß I. �


�
KP ð �QÒ

�
J�Ó f : I −→ R 	áºJ
Ë •− ú



æ�º« ©K. A

�
K

�
�

�
J

�
�Ó 3.5.3

ù¢ªÓ é
�
®
�
J

�
�Ó ð y0 = f(x0) Y

	
J«

�
�A

�
®
�
J

�
�B



@ ÉJ.

�
®K
 f

−1
ú


æ�ºªË@ ©K. A

�
JË @

�	
àA




	
¯ f ′(x0) 6= 0 ð x0 ∈ I Y

	
J«

:
�
éJ
ËA

�
JË @

�
é
�
¯CªËAK.[

f−1(y0)
]′

=
1

f ′(x0)

arcsin ©K. A
�
JË @

�
�

�
J

�
�Ó : ÈA

�
JÓ

:ñë é
��
®
�
J

�
�Ó ð ]− π

2
, π
2
[ úÎ«

�
�A

�
®

�
J

�
�B



@ ÉJ.

�
®K
 ð AÓAÖ

�
ß YK
@

	Q�
�Ó ð �QÒ

�
J�Ó sin : [−π

2
, π
2
]→ [−1, 1] A

	
JK
YË

∀x ∈]− π

2
,
π

2
[: (sinx)′ = cosx 6= 0

ð y0 = sinx0
�

IJ
k y0 Y
	
J«

�
�A

�
®
�
J

�
�B



@ ÉJ.

�
®K
 arcsin ú



æ�ºªË@ éªK. A

�
K

�	
àA




	
¯

�
é
�
®K. A�Ë@

�
éK
Q

	
¢

	
JË @ I. �k

	
à

	
X@



: A
	
JK
YË

(arcsin)′(y0) =
1

sin′(x0)
=

1

cos(x0)
=

1√
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f f ′ g(f) g′(f)× f ′
xn nxn−1 (f)n n(f)n−1 × f ′
1

x
− 1

x2
1

f
− f

′

f 2

√
x 1

2
√
x

√
f

f ′

2
√
f

ex ex ef f ′ × ef

lnx
1

x
ln f

f ′

f
sinx cosx sin f f ′ × cos f
cosx − sinx cos f −f ′ × sin f

arccosx
−1√

1− x2
arccos f

−f ′√
1− f 2

arcsinx
1√

1− x2
arcsin f
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1− f 2

tanx
1

cos2 x
tan f
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arctanx
1

1 + x2
arctan f
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lim
x→2

(
x2 + x− 6

x2 − x− 2

)
= lim

x→2

(
(x2 + x− 6)′

(x2 − x− 2)′

)
= lim

x→2

(
2x+ 1

2x− 1

)
= 5

3
•

lim
x→0

(
sinx

x

)
= lim

x→0

(
(sinx)′

x′

)
= lim

x→0

(cosx

1

)
= cos 0 = 1 •
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lim
x→+∞

(
lnx

3x

)
= lim

x→+∞

(
(lnx)′

(3x)′

)
= lim

x→+∞

( 1
x

3

)
= 0 •
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(
e
√
x

x

)
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(
(e
√
x)′

x′

)
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(
1

2
√
x
e
√
x

1

)
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(
x2

ex

)
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(
(x2)′

(ex)′

)
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(
2x

ex

)
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2

ex

)
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ln(x)
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x→0

(
(ln(x))′
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x
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x→0
(−x2

2
) = 0 •

:
	
à

	
X@


lim
x→0

(
2
x −
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x→0+

(x ln(x)) : I. �m�
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(xx) = [00] .1
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(x ln(x)) = lim
x→0+
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ln(x)

1
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x
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x→0+
(−x) = 0

lim
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1
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2x
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1
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2
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)
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f(x) =

√
2 + 3x

5− 2x
, g(x) =

√
x2 − 1, h(x) = ln(4x+ 3)
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1. lim
x→0
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1 + x−

√
1− x

x

)
, 2. lim

x→0
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1 + x+ x2 − 1

x

)
, 3. lim

x→2

(
x2 + 3

x

)
,

4. lim
x→−4

(
x2 − 16

x+ 4

)
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(
2x3 + 5x2 + 6

x3 − 3x+ 4

)
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x
, lnx, sin(1− 4x), ln(3x+ 4), e2x,
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( √
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f : E −→ R
(x, y) 7−→ f(x, y) = z

Df =
{

(x, y) ∈ E | 	
¬�QªÓ f(x, y)

}
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f : R2 −→ R
(x, y) 7−→ f(x, y) = x3 + 2x2y + 3x

Df = R2

g : R2 −→ R

(x, y) 7−→ g(x, y) =
1

x
+ y

Dg = R∗ × R ⊂ R2

h : R2 −→ R
(x, y) 7−→ h(x, y) =

x.y

x2 + y2

Dh = R2 − {(0, 0)}

k : R2 −→ R
(x, y) 7−→ h(x, y) =

x.y

lnx

Dk = (]0, 1[∪]1,+∞[)× R

.
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sinx − cosx+ c sin(f(x))f ′(x) − cos f(x) + c

1
cos2 x

tanx+ c f ′(x)
cos2(f(x))

tan f(x) + c
1√

1−x2 arcsinx+ c f ′(x)√
[1−f(x)]2

arcsin f(x) + c

1√
1−x2 − arccosx+ c f ′(x)√

[1−f(x)]2
− arccos f(x) + c

1
1+x2

arctanx+ c f ′(x)
[1+f(x)]2

arctan f(x) + c

�
èQ�
îD

�
�Ë @ ©K. @ñ

�
JË @

�
HCÓA¾

�
K

	
�ªK. : (1.5) ÈðYm.

Ì'@

:
	á�
ªK. A

�
K f, g : I −→ R 	áºJ
Ë •− ÉÓA¾

�
JË @ �



�A�

	
k 3.1.5∫

(f ∓ g)(x)dx =

∫
f(x)dx∓

∫
g(x)dx •

.
�

IK. A
�
K ù




�
®J


�
®k XY« λ �

IJ
k

∫
(λ× f)(x)dx = λ×

∫
f(x)dx, •

:
�
éÊ

�
JÓ



@

I1 =

∫
(6x2 + 4)dx = 6

∫
x2dx+ 4

∫
1dx = 6

(
x3

3

)
+ 4x+ c

I2 =

∫
5

x
dx = 5

∫
1

x
dx = 5 ln |x|+ c

I3 =

∫
6exdx = 6

∫
exdx = 6ex + c

I4 =

∫
7xdx =

7x

ln 7
+ c

•− �
éJ.

�
»QÖÏ @ ©K. @ñ

�
JË @ ÉÓA¾

�
K 4.1.5

.

∫
g′(f(x))× f ′(x) = g(f(x)) + c 	

à
	
X@



[g(f(x))]′ = g′(f(x))× f ′(x) :
�	
à



@ ÕÎª

	
K
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Xð

@X
. X

ÉÓA���������º
�
JË @ .5 É�

	
®Ë@

:
�
éÊ

�
JÓ



@

I1 =

∫
e2x+5dx .1

. I1 =

∫
e2x+5dx =

1

2
e2x+5 + c : Yj.

	
J
	
¯ f(x) = 2x+ 5 ð g(x) = ex ©

	
�

	
�

I2 =

∫
cos(7x− 3)dx .2

. I2 =

∫
cos(7x− 3)dx =

1

7
sin(7x− 3) + c : Yj.

	
J
	
¯ f(x) = 7x− 3 ð g(x) = cos x : ©

	
�

	
�

:
�
é
�
ÓA«

�
é

	
®��.

a 6= 0 �
IJ
k

∫
f(ax+ b)dx =

1

a
F (ax+ b) + c :

�	
àA



��

	
¯

∫
f(x)dx = F (x) + c 	

àA¿ @
	
X @



�
é¢J
��.

�
HCÓA¾

�
K AêÊªk. ð Aê¢J
��.

�
JË Q

�
�


	
ª

�
JÓ Q�
J


	
ª

�
K ÈAÒª

�
J�A



K.

�
é
�
®K. A�Ë@

�
HCÓA¾

�
JË @ XAm.

�'

 @



	áºÖß
 :
�
é

	
¢kCÓ

.
�
éJ
ËA

�
JË @

�
èQ

�
®

	
®Ë @ ú




	
¯ øQ	

�� AÒ»

©K. A
�
K ÉÓA¾

�
JË ¡

�
��. K


	
à



@ I.

�
»QÓ ©K. A

�
K ÉÓA¾

�
JË 	áºÖß
 •− Q

�
�


	
ª

�
JÓ Q�
J


	
ª

�
K

�
é
�
®K
Q¢�. ÉÓA¾

�
JË @ XAm.

�'

 @



5.1.5
: ú



ÎK
AÒ» Q

�
�


	
ª

�
JÓ Q�
J


	
ª

�
K ÈAÒª

�
J�A



K. ¡J
��.∫

g(f(x))f ′(x)dx =

∫
g(t)dt (1.5)

.QÒ
�
J�Ó ©K. A

�
K g �

IJ
k

:
�
éÊ

�
JÓ



@

I1 =

∫
4xe2x

2+5dx .1

:
	
à

	
X@



, dt = 4xdx ú


ÍA

�
JËAK. ð t = 2x2 + 5 ©

	
�

	
�

I1 =

∫
4xe2x

2+5dx =

∫
etdt = et + c = e2x

2+5 + c

I2 =

∫
21x2 cos(7x3 − 3)dx .2

:
	
à

	
X@



, dt = 21x2dx ú


ÍA

�
JËAK. ð t = 7x3 − 3 ©

	
�

	
�

I2 =

∫
21x2 cos(7x3 − 3)dx =

∫
cos(t)dt = sin t+ c = sin(7x3 − 3) + c

I3 =

∫
2e2x+5 cos(e2x+5)dx .3

:
	
à

	
X@



, dt = 2e2x+5dx ú


ÍA

�
JËAK. ð t = e2x+5

©
	

�
	
�

I3 =

∫
2e2x+5 cos(e2x+5)dx =

∫
cos tdt = sin(t) + c = sin(e2x+5) + c

I4 =

∫
e5x

2+6x−1(10x+ 6)dx .4

dt = (10x+ 6)dx ú


ÍA

�
JËAK. ð t = 5x2 + 6x− 1 ©

	
�

	
�

I4 =
∫
e5x

2+6x−1(10x+ 6)dx =
∫
etdt = et + c = e5x

2+6x−1 + c
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ÉÓA���������º
�
JË @ .5 É�

	
®Ë@

:
�	
àA




	
¯ (

�
�K. A¢ÖÏ @

�
�J
J.¢

�
JË @) g = I 	

àA¿ @
	
X @



AÓ
�
éËAg ú




	
¯ •∫

f(x)f ′(x)dx =

∫
tdt =

t2

2
+ c =

f 2(x)

2
+ c (2.5)

I1 =

∫
sinx cosxdx : ÈA

�
JÓ

dt = cosxdx ú


ÍA

�
JËAK. ð t = sinx ©

	
�

	
�

I1 =

∫
sinx cosxdx =

∫
tdt =

t2

2
+ c =

sin2 x

2
+ c

:
�
é
�
ÓA«

�
é

	
®��.∫

(f(x))n f ′(x)dx =
1

n+ 1
(f(x))n+1 + c | n 6= −1

I2 =

∫
(x+ 3)6dx : ÈA

�
JÓ

:
	
à

	
X@


dt = 1dx ú



ÍA

�
JËAK. ð t = x+ 3 ©

	
�

	
�

I2 =

∫
(x+ 3)6dx =

∫
t6dt =

1

7
t7 + c =

1

7
(x+ 3)7 + c

: úÎ« É�m�
	
' n = −1

�
éËAg ú




	
¯∫

f ′(x)

f(x)
dx =

∫
1

t
dt = ln |t|+ c = ln |f(x)|+ c (3.5)

I3 =

∫
2x

x2 + 5
dx : ÈA

�
JÓ

:
	
à

	
X@


dt = 2xdx ú



ÍA

�
JËAK. ð t = x2 + 5 ©

	
�

	
�

I3 =

∫
2x

x2 + 5
dx =

∫
1

t
dt = ln |t|+ c = ln |x2 + 5|+ c

•− �
é


K 	Qj.

�
JËAK. ÉÓA¾

�
JË @ XAm.

�'

 @



6.1.5
: ú



ÍA

�
JËAK. ð f(x)g′(x) = (f(x)g(x))′ − f ′(x)g(x) é

	
JÓ ð (f(x)g(x))′ = g(x)f ′(x) + f(x)g′(x) :

�	
à



@ AÖß.∫

f(x)g′(x)dx = [f(x)g(x)]−
∫
g(x)f ′(x)dx

:
�
éÊ

�
JÓ



@

I1 =

∫
x× sinxdx

g(x) = − cosx ð f ′(x) = 1dx ú


ÍA

�
JËAK. ð g′(x) = sin xdx , f(x) = x : ©

	
�

	
�

I1 = −x cosx−
∫
− cosxdx = −x cosx+

∫
cosxdx = −x cosx+ sinx+ c

I2 =

∫
x× exdx

g(x) = ex ð f ′(x) = 1dx ú


ÍA

�
JËAK. ð g′(x) = exdx , f(x) = x : ©

	
�

	
�

I2 = xex −
∫
exdx == xex − ex + c
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ÉÓA���������º
�
JË @ .5 É�

	
®Ë@

XðYjÖÏ @ ÉÓA¾
�
JË @ 2.5

:
	
à

	
X@



, f �Ë ú


Î�



B@ ©K. A

�
JË @ F ð [a, b] ÈAj. ÖÏ @ úÎ« QÒ

�
J�Ó ©K. A

�
K f 	

àA¿ @
	
X @

∫ b

a

f(x)dx = [F (x)]ba = F (b)− F (a)

.

[a, b] ÈAj. ÖÏ @ úÎ« 	áK

�QÒ

�
J�Ó

	á�
ªK. A
�
K g ð f 	áºJ
Ë •− XðYjÖÏ @ ÉÓA¾

�
JË @ �



�A�

	
k 1.2.5∫ b

a

f(x)dx = −
∫ a

b

f(x)dx .1∫ a

a

f(x)dx = 0 .2

∫ b

a

cf(x)dx = c

∫ b

a

f(x)dx .3

∫ b

a

(f(x)∓ g(x))dx =

∫ b

a

f(x)dx∓
∫ b

a

g(x))dx .4

∫ c

a

f(x)dx =

∫ b

a

f(x)dx+

∫ c

b

f(x)dx a ≤ b ≤ c .5

:
�
éÊ

�
JÓ



@

∫ 3

0

x2dx =

[
x3

3

]3
0

=
27

3
− 0 = 9∫ 2

0

(x2 − 4x)dx =

[
x3

3
− 2x2

]2
0

=
−16

3∫ 1

0

e−xdx =
[
−e−x

]1
0

= 1− 1

e∫ 1

0

x

1 + x2
dx =

[
1

2
ln(1 + x2)

]1
0

=
1

2
ln 2

∫ 1

0

x√
1 + x2

dx =
[√

1 + x2
]1
0

=
√

2− 1
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®Ë@

	áK
PAÖ
�
ß 3.5

:
�
éJ
ËA

�
JË @

�
HCÓA¾

�
JË @ Yg. ð



@ : È

�
ð



B@ 	áK
QÒ

��
JË @

I1 =

∫
(3x2 + 9)dx, I2 =

∫ (
x

1
2 − 3(2x)

1
3

)
dx, I3 =

∫
(

1

x4
+ 10)dx

I4 =

∫
(
√
x+

1

x
)dx, I5 =

∫
(ax)dx, I6 =

∫
1√
x
dx, I7 =

∫
(e3x + 2x+ 4)dx.

:
�
éJ
ËA

�
JË @

�
HCÓA¾

�
JË @ Yg. ð



@ ,Q

�
�


	
ª

�
JÓ Q�
J


	
ª

�
K

�
é
�
®K
Q£ ÈAÒª

�
J�A



K. : ú




	
G A

�
JË @ 	áK
QÒ

��
JË @

I1 =

∫
(1 + x2)× xdx, I2 =

∫
(1 + x3)× x2dx, I3 =

∫
x2

2 + x3
dx,

I4 =

∫
sin(2x)dx, I5 =

∫
1

3x+ 1
dx, I6 =

∫
3 + ln x

x
dx,

. I7 =

∫
3x
√

1− 2x2dx, I8 =

∫
x+ 3

(x2 + 6x)
1
3

dx

:
�
éJ
ËA

�
JË @

�
HCÓA¾

�
JË @ Yg. ð



@ ,

�
é


K 	Qj.

�
JËAK. ÉÓA¾

�
JË @ ÈAÒª

�
J�A



K. :

�
IËA

�
JË @ 	áK
QÒ

��
JË @

I1 =

∫
lnxdx, I2 =

∫
x× lnxdx, I3 =

∫
xe−xdx,

I4 =

∫
x× exdx, I5 =

∫
arctanxdx, I6 =

∫
x2 × sinxdx.

:
�
éJ
ËA

�
JË @

�
èXðYjÖÏ @

�
HCÓA¾

�
JË @

�
Yg. ð



@ : ©K. @

�QË @ 	áK
QÒ
��
JË @

I1 =

0∫
−∞

exdx, I2 =

+∞∫
1

1

x
dx, I3 =

+∞∫
1

1

x2
dx.
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6 É�
	
®Ë@

	áK
PA�����������Ò
�
JË @ ÈñÊ������k

(
�

HA
�
®J
J.¢

��
JË @ ð

�
HA«ñÒj. ÖÏ @) : 1 É�

	
®Ë@ 1.6

: 	áK
QÒ
�
JË @ ú




	
¯

�
éK. ñÊ¢ÖÏ @

�
HA«ñÒj. ÖÏ @ É¿ l�

�	
�ñK
 ú




�
G
�
B@ (1.6) ÈðYm.

Ì'@ : È
�
ð



B@ 	áK
QÒ

�
JË @

(E = {1, 2, 3, 4, 5, 6, 7, 8, 9}) úÍð


B@

�
éËAmÌ'@ (E = R) �

éJ

	
K A

�
JË @

�
éËAmÌ'@

A = {2, 4, 6, 8}, B = {3, 6, 9} A =]−
√
2,
√
2[, B =]−∞,−1[∪]1,+∞[

A ∩B {6} ]−
√
2,−1[∪]1,

√
2[

A ∩B {1, 2, 3, 4, 5, 7, 8, 9} ]−∞,−
√
2] ∪ [−1, 1] ∪ [

√
2,+∞[

A {1, 3, 5, 7, 9} ]−∞,−
√
2] ∪ [

√
2,+∞[

B {1, 2, 4, 5, 7, 8} [−1, 1]
A ∩B {1, 5, 7} ∅
A ∪B {2, 3, 4, 6, 8, 9} R
A ∪B {1, 5, 7} ∅
A ∪B {1, 2, 3, 4, 5, 7, 8, 9} ]−∞,−

√
2] ∪ [−1, 1] ∪ [

√
2,+∞[

�
HA«ñÒj. ÖÏ @ �



�A�

	
k : (1.6) ÈðYm.

Ì'@

.A ∪B = A ∩B ð A ∩B = A ∪B :
�	
à



@

	á�

�
JËAmÌ'@ C¿ ú




	
¯ i.

�
J
	
J
�
��

	
�

.card(A ∩B) = 6 ð card(B) = 15 , card(A) = 20 , card(E) = 30 A
	
JK
YË : ú




	
G A

�
JË @ 	áK
QÒ

�
JË @

: A
	
JK
YË , �PYË@ ú




	
¯

�
éK
Q

	
¢

	
� I. �k •

card(A ∪B) = card(A) + card(B)− card(A ∩B)

.card(A ∪B) = 20 + 15− 6 = 29 :
	
à

	
X@



: ÈA
�
JÓ •

:
	
à

	
X@



, B = {15, 16, . . . , 29} , card(A) = 20 :
	
à

	
X@



, A = {1, 2, 3, 4, 5, 6, 7, 8, . . . , 20}
card(B) = 15

card(A ∩B) = 6 :
	
à

	
X@



, A ∩B = {15, 16, 17, 18, 19, 20} : A
	
JK
YË

. card(A ∪B) = 20 + 15− 6 = 29 :
	
à

	
X@


A ∪B = {1, 2, . . . , 29} : A

	
JK
YË ð
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	áK
PA�����������Ò
�
JË @ ÈñÊ������k .6 É�

	
®Ë@

, A = {a, b}, B = {1, 3}, C = {4, 5} A
	
JK
YË :

�
IËA

�
JË @ 	áK
QÒ

�
JË @

A× (B ∪ C) = {a, b} × ({1, 3, 4, 5}) = {(a, 1), (a, 3), (a, 4), (a, 5), (b, 1), (b, 3), (b, 4), (b, 5)} •

(A×B) ∪ (A× C) = {(a, 1), (a, 3), (b, 1), (b, 3), (a, 4), (a, 5), (b, 4), (b, 5)} •

:
�	
à



@ i.

�
J
	
J
�
��

	
�

. A× (B ∪ C) = (A×B) ∪ (A× C)

.
�
é
�
®K. A�Ë@

�
H@ñ¢

	
mÌ'@ �

	
®

	
JK. ½Ë

	
X ð A× (B ∩ C) = (A×B) ∩ (A× C) :

�	
à



@ h. A

�
J
	
J
�
��@



	áºÖß
 ½Ë

	
Y»

: A
	
JK
YË : ©K. @

�QË @ 	áK
QÒ
�
JË @

f : R∗ → R∗

x 7→ f(x) =
1

x

.

: f 	áK
AJ.
�
K

�
é�@PX .1

∀x1, x2 ∈ R∗ : f(x1) = f(x2)⇒ x1 = x2? : 	áK
AJ.
�
JË @

	
­K
Qª

�
K I. �k

. 	áK
AJ.
�
JÓ f 	

à
	
X@


x1 = x2 ú



ÍA

�
JËAK. ð

1

x1
=

1

x2

	
à

	
X@


f(x1) = f(x2)

�
IJ
k x1, x2 ∈ R∗ 	áºJ
Ë •

: f QÔ
	
« �

é�@PX .2

∀y ∈ R∗ ∃?x ∈ R∗ : f(x) = y : QÒ
	
ªË @

	
­K
Qª

�
K I. �k

. QÓA
	
« f 	

à
	
X@


x =

1

y
∈ R∗ �

IJ
k x Yg. ñK
 ú


ÍA

�
JËAK.

1

x
= y ø






@ f(x) = y �

IJ
m
�'

. y ∈ R∗ 	áºJ
Ë •

. ú


ÎK. A��

�
®
�
K f

�	
à



@ i.

�
J
	
J
�
��

	
� (2) ð (1) 	áÓ

g : R → R
x 7→ g(x) = x2 + 1

:
�	
à



B ú



ÎK. A��

�
®

�
K ��
Ë g

�	
à



@

	
¡kC

	
K

x1 = ±x2 ú


ÍA

�
JËAK. ð x21 = x22 A

	
JK
YË x21 + 1 = x22 + 1 ø






@ g(x1) = g(x2)

�
IJ
m

�'
. x1, x2 ∈ R 	áºJ
Ë .1

g(x1) = g(x2) = 2 ð x1 6= x2 ©Ó x2 = 1, x1 = −1 :
	
Y

	
g



@ ù




	
®ºK
 ; 	áK
AJ.

�
JÓ ��
Ë g

	
à

	
X@



QÓA
	
« ��
Ë g

	
à

	
X@


x Yg. ñK
 B y = −2 ∈ R Ég.



@ 	áÓ g(x) = y ⇒ x2 + 1 = y ⇒ x =

√
y − 1 .2

.k
�

�J
J.¢
�
JÊË

�
éJ.�

	
�ËAK.

�
H@ñ¢

	
mÌ'@ �

	
®

	
K
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®Ë@

: ú


ÎK
AÒ»

	á�

�
J
	
Q̄ªÓ g ð f 	áºJ
Ë : �ÓA

	
mÌ'@ 	áK
QÒ

�
JË @

f : R → R
x 7→ f(x) = 2x+ 3

g : R → R
x 7→ g(x) = x2

.

gof(x) = g(f(x)) = g(2x+ 3) = (2x+ 3)2 = 4x2 + 12x+ 9 •

fog(x) = f(g(x)) = f(x2) = 2x2 + 3 •

. gof 6= fog
�	
à



@ i.

�
J
	
J
�
��

	
�

. �ÓA
	
mÌ'@ 	áK
QÒ

�
JÊË

�
éJ.�
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�
émk

.
@Q

�
�ÖÏ @ úÎ«

	
 A

	
®jÊË 	áºË , Un+1 = f(Un)

�	
à



B f ©K. A

�
JË @ ÈA

	
gX@



ù



	
®ºK
 ½Ë

	
X

; f
�
éK. A

�
KP �PY

	
K

	
à

	
X@



YK
@
	Q�
�Ó

: A
	
JK
YË x 6= −1 ©Ó f(x) =

7x+ 4

3x+ 3
, ©

	
�

	
�

. f ↗ :
	
à

	
X@


f ′(x) =

7(3x+ 3)− 3(7x+ 4)

(3x+ 3)2
= 9

(3x+3)2
> 0

	
à

	
X@



0 ≤ 4
3

A
	
JK
YË ð

4
3
≤ Un+1 ≤ 2 : ú



ÍA

�
JËAK. ð f(0) ≤ f(Un) ≤ f(2) 	

à
	
X@



0 ≤ Un ≤ 2 A
	
JK
YË

. H. ñÊ¢ÖÏ @ ñë ð 0 ≤ Un+1 ≤ 2

: (Un)
�
éK. A

�
KP

�
é�@PX .2

: U1 − U0
�

�Q
	
®Ë @ H. A�k ù




	
®ºK
 f ↗

�	
à



@ AÖß.

U1 − U0 = f(U0)− U0 = f(0)− 0 = 4
3
> 0

ð
�
èYK
@

	Q�
�Ó (Un) A

	
JK
YË , (Un)n

�
éªJ
J.¢Ë

�
éJ.�

	
�ËAK. ,

�
èYK
@

	Q�
�Ó (Un) 	

à
	
X@


U1 − U0 > 0 ð f ↗ A

	
JK
YË

. úÎ«


B@ Aë

�
Yg ñm�

	
' �

éK. PA
�
®
�
JÓ (Un)

�
éJ
ËA

�
J
�
JÖÏ @

	
à

	
X@



(Un ≤ 2) 2 �K. úÎ«


B@ 	áÓ

�
èXðYm× (Un)n

XAm.
�'

B



, 3l2 − 4l − 4 = 0 :
	
à

	
X@



7l + 4

3l + 3
= l ø






@ f(l) = l

�
éËXAªÖÏ @ Ég ù




	
®ºK
 úÎ«



B@ Aë

�
Yg XAm.

�'

B



l2 = 2 ∈ [0, 2] ð (0 ≤ Un ≤ 2)
�	
à



B

	
�ñ

	
Q̄Ó l1 = −2

3
Q�


	
g



B@ ú




	
¯ Ym.

�
	
' . ∆ I. �m�

	
' �

éËXAªÖÏ @ ÈñÊg

. l = 2 	
à

	
X@



SupA = l = 2 ð .InfA = U0 = 0 	
à

	
X@



(Un)↗ �
�J.�AÓ I. �k , A = {Un | n ∈ N} 	áºJ
Ë .3

(�PYË@ Q
	

¢
	
�


@)

: ú


ÎK
AÒ»

�
é
	
¯�QªÖÏ @

�
éJ
ªk. @Q

�
�Ë @

�
éJ
ËA

�
J
�
JÖÏ @ 	áº

�
JË : �ÓA

	
mÌ'@ 	áK
QÒ

�
JË @

U0 =
1

2

Un+1 = U2
n +

3

16

(2.6)

.
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®Ë@

.∀n ∈ N, 1
4
≤ Un ≤ 3

4
. . . (Pn) :

�
é
�
m�� 	áëQ�.

	
K .1

1
4
≤ U0 = 1

2
≤ 3

4
A
	
JK
YË n = 0 Ég.



@ 	áÓ

(Pn) =⇒ (Pn+1)
�
ém�� 	áëQ�.

	
K

ÈA
	

gX@



ù



	
®ºK
 ½Ë

	
X úÍ@



Èñ�ñÊË ;

1
4
≤ Un+1 ≤ 3

4
ø





@ (Pn+1)

�
é
�
m�� 	áëQ�.

	
K ð

�
éjJ
m

�� (Pn) A
	
JK
YË

�PY
	
K

	
à

	
X@



YK
@
	Q�
�Ó f 	

àñºK

	
à



@ I. m.

�'



�
émk

.
@Q

�
�ÖÏ @ úÎ«

	
 A

	
®jÊË 	áºË , Un+1 = f(Un)

�	
à



B f ©K. A

�
JË @

: f
�
éK. A

�
KP

. f ↗ 	
à

	
X@


f ′(x) = 2x > 0, ∀x > 0 : A

	
JK
YË x ∈ R ©Ó f(x) = x2 + 3

16
©

	
�

	
�

ð f(1
4
) = 1

4

�	
à



B

1
4
≤ Un+1 ≤ 3

4
ú


ÍA

�
JËAK. ð f(1

4
) ≤ f(Un) ≤ f(3

4
) 	

à
	
X@



1
4
≤ Un ≤ 3

4
A
	
JK
YË

. H. ñÊ¢ÖÏ @ ñë ð
1
4
≤ Un+1 ≤ 3

4
	
à

	
X@


f(3

4
) = 3

4

: (Un)
�
éK. A

�
KP

�
é�@PX .2

: U1 − U0
�

�Q
	
®Ë @ H. A�k ù




	
®ºK
 f ↗

�	
à



@ AÖß.

U1 − U0 = f(U0)− U0 = f(1
2
)− 1

2
= 7

16
− 8

16
= − 1

16
< 0

ð
�
é�

�
¯A

	
J
�
JÓ (Un)n A

	
JK
YË , (Un)n

�
éªJ
J.¢Ë

�
éJ.�

	
�ËAK. .

�
é�

�
¯A

	
J
�
JÓ (Un)n

	
à

	
X@


U1 − U0 < 0 ð f ↗ A

	
JK
YË

. ú
	
GX



B@ Aë

�
Yg ñm�

	
' �

éK. PA
�
®
�
JÓ (Un)n

�
éJ
ËA

�
J
�
JÖÏ @

	
à

	
X@



(Un ≥
1

4
)

1

4
�K. ú

	
GX



B@ 	áÓ

�
èXðYm× (Un)n

XAm.
�'

B



l2 + 3
16

= l⇒ l2 − l + 3
16

= 0 ø





@ f(l) = l

�
éËXAªÖÏ @ Ég ù




	
®ºK
 ú

	
GX



B@ Aë

�
Yg XAm.

�'

B



. l = 1
4

	
à

	
X@


l2 = 3

4
ð l1 = 1

4
Q�


	
g



B@ ú




	
¯ Ym.

�
	
' , ∆ I. �m�

	
' �

éËXAªÖÏ @ ÈñÊg

SupA = U0 = 1
2

ð InfA = l = 1
4

	
à

	
X@



(Un)n ↘
�

�J.�AÓ I. �k , A = {Un | n ∈ N} 	áºJ
Ë .3

(�PYË@ Q
	

¢
	
�


@)

: �XA�Ë@ 	áK
QÒ
�
JË @

Un =
1

n(n+ 1)
=
a

n
+

b

n+ 1
=
an+ a+ bn

n(n+ 1)
=

(a+ b)n+ a

n(n+ 1)
: A

	
JK
YË , b ð a XAm.

�'

 @


.1

Un =
1

n(n+ 1)
=

1

n
− 1

n+ 1
I.

�
Jº

	
K b = −1 ð a = 1 :

	
à

	
X@


a+ b = 0, a = 1 : Ym.

�
	
' �

é
�
®K. A¢ÖÏAK.

Sn
�
èPAJ.ªË Q

	
k

�
@ É¾

�
� XAm.

�'

 @


.2

Sn =
n∑
k=1

Un =
n∑
k=1

1

n(n+ 1)
=

n∑
k=1

(
1

n
− 1

n+ 1

)
= (1−1

2
)+(1

2
−1

3
)+· · ·+( 1

n
− 1
n+1

) = 1− 1
n+1

.
�
éK. PA

�
®
�
JÓ
∑
n≥1

Sn
�
éÊ�Ê�Ë@

	
à

	
X@



,
�
éK. PA

�
®
�
JÓ (Sn)n

�
éJ
ËA

�
J
�
JÖÏ @

	
à

	
X@



lim
n→+∞

Sn = lim
n→+∞

(1− 1
n+1

) = 1 .3
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®Ë@

(ù



�
®J


�
®k Q

�
�


	
ª

�
JÖÏ

�
éJ


�
®J


�
®mÌ'@ ©K. @ñ

�
JË @) : 3 É�

	
®Ë@ 3.6

: È
�
ð



B@ 	áK
QÒ

�
JË @

:
	

­K
Qª
�
JË @

�
é«ñÒm.

× XAm.
�'

 @


.1

Df = {x ∈ R | 2 + 3x

5− 2x
≥ 0 ð 5− 2x 6= 0}

Df =

[
−2

3
,
5

2

[
ù


ë ð f

	
­K
Qª

�
JË @

�
é«ñÒm.

× XAm.
�'

 @



©J
¢
�
��

	
� ¡J
��.

�
H@Q

�
�


	
ª

�
K ÈðYm.

�'
.

Dg = {x ∈ R | x2 − 1 ≥ 0}

Dg =]−∞,−1] ∪ [1,+∞[ ù


ë g

	
­K
Qª

�
K

�
é«ñÒm.

×
�	
à



@ 	áÓ Y»



A
�
JË @ 	áºÖß


Dh = {x ∈ R | 4x+ 3 > 0} =]− 3

4
,+∞[

:
�

HAK
Aî
	

DË @ H. A�k .2

1. lim
x→0

(√
1 + x−

√
1− x

x

)
= lim

x→0

(
2x

x(
√

1 + x+
√

1− x)

)
= 1

2. lim
x→0

(√
1 + x+ x2 − 1

x

)
= lim

x→0

(
x+ x2

x(
√

1 + x+ x2 + 1)

)
= lim

x→0

(
1 + x

(
√

1 + x+ x2 + 1)

)
= 1

2

3. lim
x→2

(
x2 + 3

x

)
= lim

x→2

(
22 + 3

2

)
= 7

2

4. lim
x→−4

(
x2 − 16

x+ 4

)
= lim

x→−4

(
(x+ 4)(x− 4)

x+ 4

)
= lim

x→−4
(x− 4) = −8

5. lim
x→+∞

(
2x3 + 5x2 + 6

x3 − 3x+ 4

)
= lim

x→+∞

(
x3(2 + 5

x
+ 6

x3
)

x3(1− 3
x2

+ 4
x3

)

)
= 2

6. lim
x→+∞

(
x−
√
x2 − x

)
= lim

x→+∞

(
x2 − (x2 − x)

x+
√
x2 − x

)
= lim

x→+∞

(
x

x+
√
x2 − x

)
= lim

x→+∞

(
1

1 +
√
x2−x
x

)
= 1

2

7. lim
x→+∞

(√
x2 + 3x− x

)
= lim

x→+∞

(
x2 + 3x− x2√
x2 + 3x+ x

)
= lim

x→+∞

 3x

x(
√

1 + 3
x

+ 1)

 = 3
2

8. lim
x→2

(
1

x−2

)
=


−∞ x→ 2−,

+∞ x→ 2+

9. lim
x→0

(
2

1+3
1
x

)
=


2 x→ 0−,

0 x→ 0+

10. lim
x→+∞

(
2x+ 5

x2 − 3

)
= lim

x→+∞

(
x(2 + 5

x
)

x2(1− 3
x2

)

)
= lim

x→+∞

(
2

x

)
= 0
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: ú



	
G A

�
JË @ 	áK
QÒ

�
JË @

Df =]−∞,+∞[= R .1

: x0 = 0
�
é¢

�
®

	
JË @ Y

	
J« f ©K. A

�
JË @

�
éK
P@QÒ

�
J�@




�
é�@PX .2

lim
x→x−0

f(x) = lim
x→x+0

f(x) = f(x0) : I. m.
�'

 x0 = 0

�
é¢

�
®

	
JË @ Y

	
J« QÒ

�
J�Ó f ©K. A

�
JË @

	
àñºK
 ú

��
æk

lim
x→x−0

f(x) = lim
x→x−0

(x3e2x) = f(0) = 0

(ÈA
�
J�
K. ñË

�
èY«A

�
¯ ÈAÒª

�
J�A



K. ) lim

x→x+0
f(x) = lim

x→x+0

(
e2x − 1

ln(x+ 1)

)
= lim

x→x+0

(
2e2x

1
x+1

)
= 2

.x0 = 0
�
é¢

�
®

	
JË @ Y

	
J« QÒ

�
J�Ó ��
Ë f

	
à

	
X@



lim
x→x−0

f(x) 6= lim
x→x+0

f(x) : A
	
JK
YË

I. �k) x0 = 0
�
é¢

�
®

	
JË @ Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ ��
Ë f ©K. A

�
JË @

	
à

	
X@


x0 = 0

�
é¢

�
®

	
JË @ Y

	
J« QÒ

�
J�Ó ��
Ë f .3

(�PYË@ ú



	
¯

�
éK
Q

	
¢

	
�

:
�

�
�
J

�
�ÖÏ @ ©K. A������

�
JË @

�
éK. A�������

�
J» .4

f ′(x) =


[
e2x − 1

ln(x+ 1)

]′
=

(2e2x) ln(x+ 1)− ( 1
x+1

)(e2x − 1)′

(ln(x+ 1))2
x > 0,

[x3e2x]
′
= 3x2e2x + 2x3e2x x < 0

.

:
�

IËA
�
JË @ 	áK
QÒ

�
JË @

Df = R .1

lim
x→x−0

f(x) = lim
x→x+0

f(x) = f(x0) I. m.
�'

 x0 = 0

�
é¢

�
®

	
JË @ Y

	
J« QÒ

�
J�Ó f ©K. A

�
JË @

	
àñºK
 ú

��
æk .2

lim
x→x−0

f(x) = lim
x→x−0

(x3 + α− 1) = f(0) = α− 1

lim
x→x+0

f(x) = lim
x→x+0

(
sinx

x

)
= 1

. α = 2 :
	
à

	
X@


α− 1 = 1 	

à
	
X@



lim
x→x−0

f(x) = lim
x→x+0

f(x) 	
à

	
X@


x0 = 0

�
é¢

�
®

	
JË @ Y

	
J« QÒ

�
J�Ó f : A

	
JK
YË

.x0 = 0
�
é¢

�
®

	
JË @ Y

	
J« f ©K. A

�
JË @

�
�A

�
®
�
J

�
�@




�
éJ
ÊK. A

�
¯

�
é�@PX .3

Y
	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ Q�


	
« f ú



ÍA

�
JËAK. ð x0 = 0

�
é¢

�
®

	
JË @ Y

	
J« QÒ

�
J�Ó Q�


	
« f : α 6= 2 Ég.



@ 	áÓ •

x0 = 0
�
é¢

�
®

	
JË @

: x0 = 0
�
é¢

�
®

	
JË @ Y

	
J« f ©K. A

�
JË @

�
�A

�
®
�
J

�
�@




�
éJ
ÊK. A

�
¯ �PY

	
K : α = 2 Ég.



@ 	áÓ •

lim
x→0+

(
f(x)− f(0)

x− 0

)
= lim

x→0+

( sinx
x
− 1

x− 0

)
= lim

x→0+

(
sinx− x

x2

)
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®Ë@

= lim
x→0+

(
cosx− 1

2x

)
= lim

x→0+

(
− sinx

2

)
= 0 = f ′d(0)

lim
x→0−

(
f(x)− f(0)

x− 0

)
= lim

x→0−

(
x3 + 1− 1

x− 0

)
= lim

x→0−
(x2) = 0 = f ′g(0)

.x0 = 0
�
é¢

�
®

	
JË @ Y

	
J«

�
�A

�
®
�
J

�
�C



Ë ÉK. A

�
¯ f 	

à
	
X@


f ′d(0) = f ′g(0) A

	
JK
YË

:
�

�
�
J

�
�ÖÏ @ ©K. A������

�
JË @

�
éK. A�������

�
J» .4

α 6= 2 Ég.



@ 	áÓ •

f ′(x) =


[

sinx

x

]′
=

(x cosx)− (sinx)

x2
x > 0,

[x3 + α− 1]
′
= 3x2 x < 0

.

α = 2 Ég.



@ 	áÓ •

f ′(x) =



[
sinx

x

]′
=

(x cosx)− (sinx)

x2
x > 0,

f ′(0) = 0 x = 0,

[x3 + 1]
′
= 3x2 x < 0

.

�
é��K
P@QÒ

�
J�B



AK. Y����������K
YÒ

�
JË @ : ©K. @QË @ 	áK
QÒ

�
JË @

: A
	
JK
YË ð x0 = 0

�
é¢

�
®

	
JË @ Y

	
J«

	
¬�QªÓ Q�


	
« f(x) = e

1
x K.

	
¬�QªÖÏ @ f ©K. A

�
JË @ •

lim
x→0

e
1
x =

{
+∞ x→ 0+

0 x→ 0−

.(
�
éJ
î

�
D
	
JÓ l ) lim

x→0
e

1
x 6= l :

�	
à



B x0 = 0

�
é¢

�
®

	
JË @ Y

	
J«

�
éK
P@QÒ

�
J�B



AK. YK
YÖ

�
ß ÉJ.

�
®
�
K B f 	

à
	
X@



A
	
JK
YË , x0 = 2

�
é¢

�
®

	
JË @ Y

	
J«

	
¬�QªÓ Q�


	
« h(x) = 4−x2

3−
√
x2+5

K.
	

¬�QªÖÏ @ h ©K. A
�
JË @ •

: x0 = 2
�
é¢

�
®

	
JË @ Y

	
J«

�
éK
P@QÒ

�
J�B



AK. h YK
YÖ

�
ß 	áºÖß


	
à

	
X@


, lim
x→2

( 4−x2
3−
√
x2+5

) = lim
x→2

(3 +
√
x2 + 5) = 3

h̃ : R −→ R

x 7−→ h̃(x) =

{
4−x2

3−
√
x2+5

x 6= 2,

9 x = 2

.
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�
JË @ ©K. @ñ
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�
HA
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�
J
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�Ó XAm.

�'

 @



: �ÓA
	
mÌ'@ 	áK
QÒ

�
JË @

[
(2x+ 1)

1
2

]′
=

1√
2x+ 1

,
[
x

1
3

]′
= 1

3
x−

2
3 ,

[
−1

x

]′
=

1

x2
, [lnx]′ =

1

x
,

[sin(1− 4x)]′ = (1− 4x)′ cos(1− 4x) = −4 cos(1− 4x), [ln(3x+ 4)]′ =
3

3x+ 4
, [e2x]

′
= 2e2x,

[ln(x2 + 5x+ 2)]
′
=

2x+ 5

x2 + 5x+ 2
, [ln(e3x + x3)]

′
=

3e3x + 3x2

e3x + x3
,

[
cos(e2x +

√
3x+ 1)

]′
= −(2e2x + 3

2
√
3x+1

) sin(e2x +
√

3x+ 1), [xx]′ = (x lnx)′xx = (lnx+ 1)xx,

[(x+ 2)x]′ = (x ln(x+ 2))′[(x+ 2)x] = (ln(x+ 2) + x
x+2

)[(x+ 2)x].
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�
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�
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:
�
éJ
ËA

�
JË @

�
HAK
Aî

	
DË @ I. �m�
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�
J�
K. ñË

�
èY«A

�
¯ ÈAÒª

�
J�A



K. .1

1. lim
x→0

(
ex − 1

sinx

)
= lim

x→0

(
ex

cosx

)
= 1

2. lim
x→0

(
1− e−x

x

)
= lim

x→0

(
e−x

1

)
= 1

3. lim
x→0

(
ex − 1

3 ln(1 + x)

)
= lim

x→0

(
ex

3 1
1+x

)
= 1

3

4. lim
x→0

(
ln(1 + x)√

x

)
= lim

x→0

(
1

x+1
1

2
√
x

)
= lim

x→0

(
2
√
x

x+ 1

)
= 0

5. lim
x→0

(
1− cosx

tanx

)
= lim

x→0

(
sinx

1
(cosx)2

)
= 0

6. lim
x→0

(
x− sinx

x3

)
= lim

x→0

(
1− cosx

3x2

)
= lim

x→0

(
sinx

6x

)
= 1

6

7. lim
x→2

(
x2 − 4

x2 − 3x+ 2

)
= lim

x→2

(
2x

2x− 3

)
= 4

8. lim
x→π

(
sin2 x

1 + cos x

)
= lim

x→π

(
2 sinx cosx

− sinx

)
= 2 cosπ

−1 = 2
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9. lim
x→0

(√
1 + x−

√
1 + x2

x

)
= lim

x→0

(
1

2
√
1+x
− 2x

2
√
1+x2

1

)
= 1

2

10. lim
x→2

(
ex − e2

x2 + x− 6

)
= lim

x→2

(
ex

2x+ 1

)
= e2

5

11. lim
x→1

(
x5 − 1

2x2 − 2

)
= lim

x→1

(
5x4

4x

)
= 5

4

12. lim
x→5

(√
x−
√

5

x− 5

)
= lim

x→5

(
1

2
√
x

)
= 1

2
√
5

13. lim
x→1

(
1

1− x
− 3

1− x3

)
= lim

x→1

(
1 + x+ x2 − 3

1− x3

)
= lim

x→1

(
x2 + x− 2

1− x3

)
= lim

x→1

(
2x+ 1

−3x2

)
= −1

14. lim
x→0

(√
1 + x− 1

3
√

1 + x− 1

)
= lim

x→0

(
1
2
(1 + x)

−1
2

1
3
(1 + x)

−2
3

)
= 3

2

15. lim
x→4

( √
x− 2

x2 − 5x+ 4

)
= lim

x→4

(
1

2
√
x

2x− 5

)
=

1
4

3
= 1

12

16. lim
x→−2

(
x3 − 3x+ 2

x2 − 4

)
= lim

x→−2

(
3x2 − 3

2x

)
= −9

4

17. lim
x→π

(
sinx
cos(x

2
)

)
= lim

x→π

(
cosx

−1
2

sin(x
2
)

)
= 2

.2 È@
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: f3 ð f2 , f1 ©K. @ñ
�
JÊË 2 ð 1

�
éJ.

�
KQË @ 	áÓ

�
éJ




K 	Qm.
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�
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®
�
J

�
�ÖÏ @ É
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 (3.6) ÈðYm.
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�
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JË @

�
HA

��
®
�
J

�
�ÖÏ @/ ©K. @ñ

�
JË @ f1(x, y) = 2x3y4 +

1

x
− 5 f2(x, y) = ln(x+ y) f3(x, y) = e(x

2+y)

f ′x 6x2y4 − 1
x2

1
x+y

2xex
2+y

f ′y 8x3y3 1
x+y

ex
2+y

f ′′xx 12xy4 + 2
x3

−1
(x+y)2

ex
2+y (2 + 4x2)

f ′′yy 24x3y2 −1
(x+y)2

ex
2+y

f ′′xy 24y3x2 −1
(x+y)2

2xex
2+y

f ′′yx 24x2y3 −1
(x+y)2

2xex
2+y

�
éJ




K 	Qm.

Ì'@
�

HA
��
®
�
J

�
�ÖÏ @ : (3.6) ÈðYm.

Ì'@

66



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

	áK
PA�����������Ò
�
JË @ ÈñÊ������k .6 É�

	
®Ë@

: ú
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B@ ÈðYm.

Ì'@ ú



	
¯

�
éÊ

�
JÜØ C(x, y) = 2x ln(3 + 2y) �Ë

�
éJ


�
�ÓAêË @

�
é

	
®Ê¾

�
JË @ : ú
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�
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JË @

�
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�
�ÓAêË @

�
é

	
®Ê¾

�
JË @/ C(x, y) C(x, y) = 2x ln(3 + 2y)

∂C

∂x
(x, y) 2 ln(3 + 2y)

∂C

∂y
(x, y)

4x

3 + 2y
�
éJ


�
�ÓAêË @

�
é

	
®Ê¾

�
JË @ : (4.6) ÈðYm.

Ì'@

: (5.6) ÈðYm.
Ì'@ ú




	
¯ É

�
JÜØ ©K. @ñ
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�ÓAêË @ h. A

�
J
	
KB



@ f ′x f ′y

f1(x, y) = 2x
1
4y

3
8

1
2
y

3
8x−

3
4

3
4
x

1
4y−

5
8

f2(x, y) = xy + 4x3y2 − 6x+ 3 y + 12y2x2 − 6 x+ 8x3y

f3(x, y) = (xy)
1
3

1
3
(xy)−

2
3y 1

3
(xy)−

2
3x

f4(x, y) = x2 + y2 2x 2y
f5(x, y) = xy y x

ú


æ
�
�ÓAêË @ h. A

�
J
	
KB



@ : (5.6) ÈðYm.
Ì'@

:
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ª
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�
HC

�
K

�
H@

	
X ©K. @ñ

�
JË @ A
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YË : ©K. @QË @ 	áK
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��
JË @

g(x, y, z) = exyz − e−xyz ð f(x, y, z) = exyz + e−xyz

f ′x(x, y, z) + f ′y(x, y, z) + f ′z(x, y, z) = (xy + xz + yz)g(x, y, z) :
�	
à



@

	á
�
�
J.

	
K

A
	
JK
YË

f ′x(x, y, z) = yz.exyz − yz.e−xyz = yz.(exyz − e−xyz) (3.6)
f ′y(x, y, z) = xz.exyz − xz.e−xyz = xz(exyz − e−xyz) (4.6)
f ′z(x, y, z) = xy.exyz − xy.e−xyz = xy(exyz − e−xyz) (5.6)

: Ym.
�

	
' �

é
�
®K. A�Ë@

�
HC

�
JË @

�
HBXAªÖÏ @ ©Òm.

�'
.

f ′x(x, y, z) + f ′y(x, y, z) + f ′z(x, y, z) = yz(exyz − e−xyz) + xz(exyz − e−xyz) + xy(exyz − e−xyz)
= (xy + xz + yz)(exyz − e−xyz) = (xy + xz + yz)g(x, y, z)

. H. ñÊ¢ÖÏ @ ñë ð
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I1 =

∫
(3x2 + 9)dx =

∫
3x2dx+

∫
9dx = 3

∫
x2dx+ 9

∫
1dx = 3

x3

3
+ 9x+ c = x3 + 9x+ c

I2 =

∫ (
x

1
2 − (2x)

1
3

)
dx =

∫
x

1
2dx−

∫
(2x)

1
3dx =

2

3
x

3
2 − 2

1
3

3

4
x

4
3 + c

I3 =

∫
(

1

x4
+ 10)dx =

∫
1

x4
dx+

∫
10dx =

x−4+1

−4 + 1
+ 10x+ c =

x−3

−3
+ 10x+ c = − 1

3x3
+ 10x+ c

I4 =

∫
(
√
x+

1

x
)dx =

∫ √
xdx+

∫
1

x
dx =

x
1
2
+1

1
2

+ 1
+ ln |x|+ c =

2

3
x

3
2 + ln |x|+ c

I5 =

∫
(ax)dx =

∫
ex ln adx =

1

ln a
ex ln a + c =

1

ln a
ax + c

I6 =

∫
1√
x
dx = 2

√
x+ c

I7 =

∫
(e3x + 2x+ 4)dx =

1

3
e3x + x2 + 4x+ c

Q
�
�


	
ª

�
JÓ Q�
J
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I1 =

∫
(1 + x2)× xdx •

:
	
à

	
X@


dt = 2xdx ú



ÍA

�
JËAK. ð t = 1 + x2 : ©

	
�

	
�

I1 =

∫
(1 + x2)× xdx =

1

2

∫
(1 + x2)× 2xdx =

1

2

∫
tdt =

1

4
t2 + c =

1

4
(1 + x2)2 + c

I2 =

∫
(1 + x3)× x2dx •

:
	
à

	
X@


dt = 3x2dx ú



ÍA

�
JËAK. ð t = 1 + x3 : ©

	
�

	
�

I2 =

∫
(1 + x3)× x2dx =

1

3

∫
(1 + x3)× 3x2dx =

1

3

∫
tdt =

1

3.2
t2 + c =

1

6
(1 + x3)2 + c

I3 =

∫
x2

2 + x3
dx •

:
	
à

	
X@


dt = 3x2dx ú



ÍA

�
JËAK. ð t = 2 + x3 : ©

	
�

	
�

I3 =

∫
x2

2 + x3
dx =

1

3

∫
3x2

2 + x3
dx =

1

3

∫
1

t
dt =

1

3
ln |t|+ c =

1

3
ln |2 + x3|+ c
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I4 =

∫
sin(2x)dx •

:
	
à

	
X@


dt = 2dx ú



ÍA

�
JËAK. ð t = 2x : ©

	
�

	
�

I4 =

∫
sin(2x)dx =

1

2

∫
2 sin(2x)dx =

1

2

∫
sin tdt =

1

2
(− cos t+ c) = −1

2
cos(2x) + c

I5 =

∫
1

3x+ 1
dx •

:
	
à

	
X@


dt = 3dx ú



ÍA

�
JËAK. ð t = 3x+ 1 : ©

	
�

	
�

I5 =

∫
1

3x+ 1
dx =

1

3

∫
3

3x+ 1
dx =

1

3

∫
1

t
dt =

1

3
ln |t|+ c =

1

3
ln |3x+ 1|+ c

I6 =

∫
3 + ln x

x
dx •

:
	
à

	
X@


dt =

1

x
dx ú
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�
JËAK. ð t = 3 + lnx : ©

	
�

	
�

I6 =

∫
3 + ln x

x
dx =

∫
tdt =

t2

2
+ c =

(3 + ln x)2

2
+ c

I7 =

∫
3x
√

1− 2x2dx •

:
	
à

	
X@


dt = −4xdx ú



ÍA

�
JËAK. ð t = 1− 2x2 : ©

	
�

	
�

I7 =

∫
3x
√

1− 2x2dx =
3

−4

∫
−4x
√

1− 2x2dx =
3

−4

∫ √
tdt =

3

−4

(
t
1
2
+1

1
2

+ 1

)
+c =

3

−4

(
t
3
2

3
2

)
+c

= 3.2
−4.3

(
t
3
2

)
+ c = −1

2
(1− 2x2)

3
2 + c

I8 =

∫
x+ 3

(x2 + 6x)
1
3

dx •

:
	
à

	
X@


dt = (2x+ 6)dx ú
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�
JËAK. ð t = x2 + 6x : ©

	
�

	
�

I8 =

∫
x+ 3

(x2 + 6x)
1
3

dx =
1

2

∫
2x+ 6

(x2 + 6x)
1
3

dx =
1

2

∫
(2x+ 6)(x2 + 6x)−

1
3dx

=
1

2

∫
t−

1
3dt =

1

2

(
t−

1
3
+1

−1
3

+ 1

)
+ c =

1

2

(
t
2
3

2
3

)
+ c =

3

4
(x2 + 6x)

2
3 + c

�
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I1 =

∫
lnxdx •

	
àñ

	
KA

�
¯ I. �k

	
à

	
X@



, g(x) = x ð f ′(x) =
1

x
dx ú



ÍA

�
JËAK. ð g′(x) = 1dx , f(x) = ln x : ©

	
�

	
�

: A
	
JK
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é
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I1 = x× lnx−
∫

1

x
xdx = x× lnx−

∫
1dx = x× lnx− x+ c
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I2 =

∫
x× lnxdx •

:
	
à

	
X@



, g(x) =
x2

2
ð f ′(x) =

1

x
dx ú



ÍA

�
JËAK. ð g′(x) = xdx , fx) = ln x : ©

	
�

	
�

I2 =
x2

2
× lnx− 1

2

∫
xdx =

x2

2
× lnx− 1

4
x2 + c

I3 =

∫
x× e−xdx •

:
	
à

	
X@



, g(x) = −e−x ð f ′(x) = 1dx ú


ÍA

�
JËAK. ð g′(x) = e−xdx , f(x) = x : ©

	
�

	
�

I3 = −xe−x −
∫
−e−xdx = −xe−x − e−x + c

I4 =

∫
x× exdx •

:
	
à

	
X@



, g(x) = ex ð f ′(x) = 1dx ú


ÍA

�
JËAK. ð g′(x) = exdx , f(x) = x : ©

	
�

	
�

I4 = xex −
∫
exdx = xe−x − ex + c

I5 =

∫
arctanxdx •

:
	
à

	
X@



, g(x) = x ð f ′(x) =
1

1 + x2
dx ú



ÍA

�
JËAK. ð g′(x) = 1dx , f(x) = arctan x : ©

	
�

	
�

I5 = x arctanx− 1

2

∫
2x

1 + x2
dx = x arctanx− 1

2
ln |1 + x2|+ c

I6 =

∫
x2 × sinxdx •

:
	
à

	
X@



, g(x) = − cosx ð f ′(x) = 2xdx ú


ÍA

�
JËAK. ð g′(x) = sinxdx , f(x) = x2 : ©

	
�

	
�

I6 = −x2 cosx+ 2

∫
x cosxdx = −x2 cosx+ J
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:
	
à

	
X@



, g(x) = sinx ð f ′(x) = 1dx ú


ÍA

�
JËAK. ð g′(x) = cos xdx , f(x) = x : ©

	
�

	
�

: A
	
JK
YË iJ.�J


	
¯ J = x sinx−

∫
sinxdx = x sinx+ cosx+ c1

. I6 = −x2 cosx+ 2(x sinx+ cosx+ c1) = −x2 cosx+ 2x sinx+ 2 cosx+ 2c1

. ÉÓA¾
�
JË @

�
IK. A

�
K 2c1 = c �
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k

70



20
19
−
20
18

�
3

�
Q


 K @
	 Q
m .Ì '@

� éª
Ó
Ag
.

. . .
. . .

.
Xð

@X
. X

	áK
PA�����������Ò
�
JË @ ÈñÊ������k .6 É�

	
®Ë@

:
�
éJ
ËA

�
JË @

�
èXðYjÖÏ @

�
HCÓA¾

�
JË @ XAm.

�'

 @



: ©K. @
�QË @ 	áK
QÒ

��
JË @

I1 =

0∫
−∞

exdx = [ex]0−∞ = 1− 0 = 1

I2 =

+∞∫
1

1

x
dx = [ln |x|]+∞1 = +∞

I3 =

+∞∫
1

1

x2
dx =

[
−1

x

]+∞
1

= −0 + 1 = 1
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